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Abstract

Redefined Zagreb indices are new graph invariants, which is the
degree based topological index ReZG1(G) = ZweE(G) %,

ReZGy(G) = Y uene) 245 and ReZG3(G) = 3 ,c p(c) (dudy)
(dy + dy). Eliasi and Taeri introduced four new operations based on
graphs S(G), R(G), Q(G) and T(G), which are also known as F-
sum of graphs, where F'= 5, @), R and T'. In this paper, we establish
bounds of the redefined Zagreb indices for for F-Sum of Graphs,
where FF = Q or T.

Keywords and Phrases: Distance(in graphs), Redefined Za-
greb indices, Operations on graphs, Subdivision of graph, Total
graph.
2000 Mathematics Subject Classification: Primary 05C12;
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1 Basic definition, notation and pre-
liminary results

All the graphs in this paper are simple, finite and undirected.
In a graph G, V(G) and E(G) are the sets of vertices and edges
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respectively. Let dg(u) denotes the degree of a vertex w and
da(u,v) be the distance between two vertices v and v in G.
Topological indices have been found to be useful in establishing
relation between the structure and the properties of molecules.
Topological indices mainly used in Quantitative Structure Prop-
erty Relationship (QSPR) and Quantitative Structure Activity
Relationships (QSAR)[1]. Some topological indices are degree
based and some are distance based.

Wiener indez [2, 3, 4] is a distance based topological index, de-
noted by W(G) and defined as the sum of distances over all

unordered vertex pairs in G.
WG = > da(uv)
{u,w}eV(G)

The Zagreb indices were introduced more than thirty years ago
by Gutman and Trinajsti¢ [7]. After ten years, Balaban et.al
named them Zagreb group index, presented by M; and M. Later
it was abbreviated to Zagreb index [8], where M; and My rep-
resents first Zagreb index and second Zagreb index respectively.
If d, and d, are the degrees of vertices u, v for simple graph G.

Then first Zagreb indez [8, 9] is defined as
M(G)= Y (dg(v))?

veV(G)

= 3 daw)+da(v)

weE(G)

Second Zagreb index is defined as

My(G)= > dg(u)da(v)

weE(G)
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In 2013, Ranjini [16] introduced redefined Zagreb indices i.e.,
redefined first, second and third Zagreb indices of a graph G.

These are presented as

ReZCH(G) = Z dg(u) + dg(v)

weE(G) dg(U)dg('U)
(v)
RGZGQ GXE: d + dc;<v)

and

ReZG3(G) = Z (de(u)de(v))(de(uv) + da(v))

weER(G)

Since last thirty years, many scholars and researchers have been
working on composite graphs. There are various graph opera-
tions which are applied directly on simple graphs to study their
properties under these operations. Many authors computed sev-
eral topological indices for these composite graphs [3, 4, 6, 8, 9,
10, 11, 12, 13, 14, 15, 17, 18, 20], e.g. composition, disjunc-
tion, Cartesian product, corona product, indu-bala product and
wreath product of two graphs.

Firstly we recall Cartesian product GUK, of graphs G and K.
For the vertex set V(G) x V(K) in which (p, q)(r, s) is an edge
of GOK if [p = r and gs € E(K)] or [¢ = s and pr € E(G)].
If denr ((p, q), (r, s)) is the distance between any pair of vertices
in GUK then

deok ((p, q), (r,s)) = da(p, ) + dk(q, s)



and degree of a vertex (p, q) of GOK

daok (P, q) = da(p) + dk(q)

In 2009, Eliasi et.al [4] used the notion of F-sums also known as
four graph operations, which is actually the Cartesian product
of F(G1) and Gs. F-sum of two graphs G; and G9 is denoted
by Gy +r Go, where F be one of S, R, (), T graph operation.
These operations i.e. S, R, (), T are defined as

1. Subdivision S(G) of a graph is acquired by embedding a

vertex referred as the white vertex into each edge of G.

2. Two black vertices are related in S(G) if they are adjacent
in G. So R(G) is obtained from S(G) by joining each pair

of related black vertices.

3. Similarly two white vertices are related in S(G) if their
corresponding edges are adjacent in G. Q(G) is obtained

by joining each pair of related white vertices.

4. Two graphs G and K having same vertex set V' and edge
set E(G)U E(K) is called the union of G and K, denoted
by GUH. In particular case total graph T'(G) is the union
of R(G) and Q(G).

Many authors computed several topological indices for these four

graph operations. Eliasi et.al [4] computed the wiener index of
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Figure 1: F(Gy) for F=Q, T

these graph operations. In [5] Minggiang An. et.al provided two
upper bounds for the degree distance of F-sums of graphs. They
used the results in [4] to find the distance between the vertices of
F-sums of graphs. M. Imran et.al [12, 13] considered forgotten
index and sum-connectivity index for these four graph opera-
tions and explored new results. They executed the exact value of
forgotten index and sharp bounds of sum-connectivity index for
each of these operations. M.H. Khalifeh et.al [8] worked on first
and second Zagreb indices and they computed exact expressions
for first and second Zagreb index for Cartesian product, com-
position, join, disjunction and symmetric difference of graphs.
D. Sarala et.al [9] studied F-sums of graphs and find out exact
formulas for first and second Zagreb indices. B. Basavangoud
et.al [10] studied hyper-Zagreb coindex and hyper-Zagreb index

for different graph operations. They calculated exact formula of



hyper-Zagreb index for these four graph operations. Note that
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Figure 2: F-sums of G and Gy for F= @, T

for F-sum of graph G; and G, take |V,| = ny copies of the graph
F(G,) and label them by the vertices of graph Gg. There are
two situations for the vertices of G +r Ga: vertices V] referred
to as black vertices and Ej referred as white vertices . Now we
join only black vertices with same name in F'(G7) in which their

corresponding labels are adjacent in GS.

Lemma 1.1. Let G be a graph. Then:
(a) If uy € V(G), then we have

dr(a)(ur) =k - de(us),

where

b 1 ;3 F=SorQ
12 ; F=RorT.
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(b) If uy = iyiiy € E(G), then we have
dsc)(u1) = dria)y(u1) = 2,

doe)(u1) = drey(w) = dpy(ur) + 2,
where

i) (w) = de(ur) + de (1)),

2 Redefined Zagreb indices for F-Sum
of Graphs, when '= () or T

In this section, we established the bounds for redefined Zagreb

indices in terms of Zagreb index for certain graph operations.

2.1 First Redefined Zagreb Index for F-sum
of graphs, where F= QQ or T

First, we establish the results for the first redefined Zagreb index
of G1 +r G5 in terms of Ag maximum degree, ¢ minimum

degree and Zagreb index of graph G.

Theorem 2.2. Let G and G5 be two connected graphs with or-
der ny,ng, size my, mo, maximum degree Ay, Ao and minimum
degree 01, 0o respectively. Then first redefined Zagreb index for
F-sum of graphs is

Y1 S RGZGl(Gl +Q Gg) S Y2
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where

dmimo +n1 M1 (G2)  4dmima + 3naMi(G1) 471251(%M1(G1) —m1)

"=

(Al —+ A2)2 4A1(A1 + AQ) 4(A]_)2
and
_4dmimg +ni1Mi(G2) | 4mima 4 3na M1 (Gh) 4n2A1(%M1(G1)—m1)
= (61 + 02) 451(51 + 02) 4(51)2

equality holds if and only if Gy is a reqular graph.

Proof. By the definition of first redefined Zagreb index, we have

dGi+oGy (W) +day+oGo (V)

ReZG1(G Ga) =
HGG1+q G2) dG1+QG2(u)dG1+QG2(v)

(uivg)(uj,v)EE(G1+¢qG2)

_ Z Z dGl-‘rQGQ(uivvk)+dG1+QG2(uj7Ul)

witw eV vpneBs  9G1+qGa (Ui Vk)dGy +q Gy (U5, 1)

da, +oGs (Ui, V) +day oG, (uj,vr)
I Z 1+ G2 (Wi 1+ G2\Uj

RV uius € BQ(GL)) day +0Ga (Ui, Vk)dG + 6 Go (), v1)

Note that dg, (u) < Ay and dg, (u) > 41, equality holds if and
only if G is a regular graph, and similarly dg,(v) < As and
dg,(v) > 09, equality holds if and only if G is a regular graph.
We get

Z dG1+QG2(ui1vk)+dG1+QG2(ujrvl)
wimuyeVi veneBs  4G1+qG2 (Ui Uk)dG oGy (U, 1)

-y [do(a) (W) +da, (v)] + [dgay) (w) + day (V)]
it vpmems 9@y (W) +das (v)lldga,) (w) + da, (v1)]

>(A1+A2 (Z > oy +de, )+ Y DD (dey i) +dG2(”z)))

ueVy vv EE2 ueVy vpv €EE2
1

> m (m2(4m1) + nlMl(Gz))

4mimeo 4+ n1M1(G2)
- (A1 + Ag)?




Since |E(Q(G))| = 2|E(G)| and AQ(G) = AG

Z Z dG1+QG2(ui:Uk)+dG1+QG2(ujrvl)
vp=v€V2 u;u; EE(Q(G1))

=2

da 1o a2 (Ui, )G, +oGs (g, v1)

dG1+QG2 (wi, vg) + dG1+QG2 (uj7 vr)

vEV2 uju; €E(Q(G1))iu; €V(G1),u; €V(Q(G1))(G1)

+2

veEV2 u;u; EE(Q(G1))5ui,ui EV(Q(G1))(G1)

dG1+QGZ (us, vk)dGH—QGz (ujsvr)

dey+Ga (Wi vk) + dey+o o (w), V1)

dGy+4Gs (Wi, VE)dG, + oG, (U5, v1)
Now,

>

vEV2 ujui €E(Q(G1))iui €V (G1),u; €V(Q(G1))(G1)

>

veEV2 uzu; €EE(Q(G1))5u; €V (G1),uj; €V
T
S ——Y (doe) (us)
d81(Ar+A2) \ [, uiu; €E(Q(G1))iui €V(G1),u; €V(Q(G1))(G1)
+naMi(Gr1) + 4m1m2)

dGy+oGo (Ui, V) + dGy+o G, (U, 1)

dGy+qGs (Wi, VE)dG, 4G, (U5, 1)

dq(ay) (i) +day (V) + dg(ay) (uy)
(Q(G1))(G1) dg(ay) (i) + da, (v) (dgay ) (us))

N dmima + na M1 (G1) 4 2na M1 (Gh)
AN (A1 + A2)
dmima + 3na M1 (G1)
AA1 (A1 + A2)

and

>

dey+Ga (Wi V) +day+o o (w5, v1)
vEV2 u;u; EE(Q(G1))5ui,ui EV(Q(G1))(G1)

dGy+4Gs (Wi, VE)dG, 46 G, (U5, 01)

5 5 dg(ay) (wi) +dgay) (ug)
SV wpuy €B(QUGY) sy eV(Q(G) (G (R (i) (doan) (4)

where wu; is the common vertex for w; and wy in Q(G), e =
wiwe € E(Gy). Seems like, u; inserted in edge wyw, and u;

inserted in edge wows of Gy. So we have,
-y ) d, (w1) +dg, (w2) + dg, (w2) + dg, (ws3)
B s e ian 19an (1) + day (w2)][da, (w2) + da, (ws)]
4n251(%M1(G1) —m1)
4(A0)2
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By using these values, we get the required equation

4 M 4 M
ReZG1(Griga,) > mimsa + n1Mi(G2) mima + 3na M1 (G1)

(A1 + A)? 4A1(A1 + Az)
4n2(51(%M1(G1) — ml)
4(Aq1)?

Similarly we can compute

dmimg + mMi1(G2) | 4mamg + 3na M (G1)
ReZG1(G <
eZG1(G144G,) < (31 + 02)2 461(01 + 02)
Ao Aq (3 M1(Gh) —ma)
4(61)2

]

Theorem 2.3. Let G; and G5 be two connected graphs with or-

der ni,no, size my, Mo, mazrimum degree Ay, Ao and minimum

degree 61, 0o respectively. Then first redefined Zagreb index for

F-sum of graphs is

v < ReZG1(G1 +1 G2) < 72

where
_4m1m2+4n2M1(G1) 4n251(%M1(G1)—m1)
n= 4A1 (A1 + Ag) ZVNE
12mimeo + n1M1(G2) + na M1 (G1)
2A1A2(2A1 + Ag)
and

74m1m2 + 47‘L2M1(G1) 4n2A1(%M1(G1) - ml)
2= 461(01 + 62) 45,2
12mima + n1M1(G2) + na M1 (G

25152(251 +§2)

equality holds if and only if Gy is a reqular graph.
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Proof. By the definition of first redefined Zagreb index, we have

d, d
ReZG1(G1 +r Ga) = ) Svtrle (2;; G1+TG(2U(;’)
(ui op) (uj ) EB(CL+7G2) C1HTE2 GrtrGz

.S dGy+7Go (Wi V) + dGy +pGo (U, v1)
Wi €L vpne B dGy+1Gs (WisVE)dG, +1Gy (g, v1)

. dGy+7Gy (Wi i) +dGy +06, (45, 01)
vk:UZEVQu“LjEE(T(Gl)) dG1+TG2(ui7Uk)dG1+TG2(uj7vl)

Note that dg, (u) < Ay and dg, (u) > 91, equality holds if and

only if Gy is a regular graph, and similarly dg,(v) < Ay and
dg,(v) > 95, equality holds if and only if G is a regular graph.
We get

> day Gy (Wi, vk) +day 1 p e, (ug,v7)
ui=u; V3 vpv €EEg dGl+TG2 (ui’ vk)dG1+TG2 (U]’,’Ul)

_ [dr(a,) (W) + day ()] + [dr(a,) (v) + da, (vi)]
- uZV UAUZE ldray) (W) + da,y (vi)]ldr(ay) (W) + da, (V)]
eVi vpv ek

[2dG, (u) + dg, (vk)] + [2dG, (u) + dg, (v1)]
Ui:%]’:evl vkge:Ez [2dc, (u) + da, (vi)][2d6, (v) + da, (v1)]

1
> ama a2 X X o)+ dey ()

u;=uj€V3 vgv €EE2
> X (o) +doy(0)
u€Vy vv €EEg
1

>— (4 2 My (G
= 2A1A2(2A1+A2)( (m2)(2my1) + ni My ( 2))

8mimsz + n1Mi(G2)

2A1A2(2A1 -‘,—AQ)

Since |E(T(G))| = 2|E(G)| and Ap) = 2A¢

T T dey+0Gy (Uis V) + dGy 4065 (U5, 01)
v =0, € V2 uju; €B(T(G1)) dG1+TG2 (“i7 vk)dG1+TG2 (uj7 Ul)

+

-3 3 dGy+7Go (Ui V) +dGy + 064 (U5, v1)
oV wiy €B(T(G L) s, €V/(G1) dGy +7Go (Wis V)G, +1Gy (U, 1)

.S > dGy+7Go (Ui V) + dGy +pGo (U5, v1)
vEV uju; €E(T(C1))iui €V (G1),uj €V(T(G1))—V(G1) dGy +7G (Ui Vk)dGy +4Go (4),01)

N Z Z day +rao (Wi, V) + day +rGo (ug,v1)
VEVa ujuj €B(T(G1))us iy €V(T(G1))~V(G1) dG1+TG2 (ui, vk)dcl+TG2 (ujvvl)
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Note that w;,u; € V(G;) and wu; € E(R(G,)) if and only if

wu; € E(Gy), we have

Z Z dGy Go (Ui V) +dGy 447Gy (U5, V1)

VEV2 uju  €B(T(G1))yusu  €V(Gr) dG1+TG2 (ui7 Uk)dG1+TG2 (ujv Ul)

el
NN VY Z Z (dr(ay)(ui) + da, (v)
28102(2A1 + Az) vEVa uju; €E(T(G1))5us,u  €V(G)

> > (dzxclﬂuj)+*dcz(vD)

veV2 u;u; EE(T(G1))suq,u; EV(G1)

1 ( S 3 (2da, (ui) + 2dg, (ujs))

T 2A1A2(2A1 + Ag) VEVa wiuy € B(T(G1)) iy €V(G1)

+ 3 > <@NH%N@

veVa u;u; EE(T(G1))5uq,uj €V (GT)

+

1
>
- 2A1A2(2A1 +A2)
4mima + 2no M1 (Gh)
2A1A2(2A1 +A2)

<n2(2M1(G1)) +2my (2m2))

Since da, 1,6,(u,v) = dg, 4,a,(u,v) for v € V(T(G1) — V(Gy))
and v € V(Gy), we get the following equation by using the proof
of Theorem2.2, so we have required equation as

dmimao + 4dno My (Gl) 4”261(%M1(G1) - ml)
4A1(A1 +A2) 4A12
12mimsa + n1 M1 (G2) + naM1(G1)

2A1A2(2A1 +A2)

ReZG1(G1 +1 G2) >

and

4m1m2+4n2M1(G’1) 4”2A1(%M1(G1)_m1)
451((51 +(52) 4(512
12mima + n1 M1(G2) + na M1 (G
20102(201 + 02)

ReZG1(G1 471 G2) <
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2.4 Second Redefined Zagreb Index for F-sum
of graphs, where F= Q or T

In this section, we establish the results for the second redefined
Zagreb index of G; +r G5 in terms of Ag maximum degree, dg

minimum degree and Zagreb index of graph G.

Theorem 2.5. Let G1 and Gs be two connected graphs with or-
der ny,no, size my, mo, mazimum degree Ay, Ag and minimum
degree 01, 09 respectively. Then second redefined Zagreb index
for F-sum of graphs is

71 < ReZG2(G1 +¢q G2) < 72 (1)

where

maoM1(G1) + 2m1 M1 (G2) + n1 M2 (G2) dmo M1 (G1) + 8m1n25%
2(A1 + A2) 4A1 (A1 + Ag)
n 4n2512(%M1 (G1) —m1)
4A1
moM1(G1) + 2mi1 M1 (G2) + ni1 M2 (G2) 4 4mao M1 (G1) + 8m1n2A%
2(51 +52) 461(51 +52)
4n2A12(%M1(G1) —m1)
4
401

" =

7=

equality holds if and only if Gy is a reqular graph.

Proof. By the definition of second redefined Zagreb index we
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have

dcy+4Gs (Wda +465 (V)
ReZG2(G1 +q G2) = Z 1+qQ 2 (w) 1+QG2

(wi vp) (ug,01) € B(G1+0Ga) dG1+QG2 (u) + dG1+QG2 (v)

. da 4+ Ga (Wi VE)dG 4o Go (Ug, V1)

u;=u; €Vy vpv € E2 dG1+QG2 (ui, vp) + dG1+QG2 (uj’ vr)

Py dcy+qGa (Wi V6)dGy +oG, (U5, 01)

vhm Vs upuy eB(Q(G)) TG1HQCa (Ui k) F 61 1qaa (4, v1)

Note that dg, (u) < Ay and dg, (u) > 41, equality holds if and
only if Gy is a regular graph, and similarly dg,(v) < Ay and
dg,(v) > 9y, equality holds if and only if G5 is a regular graph.
We get

Z dG1+QG2 (ui,Uk)dG1+QG2 (ujvvl)
u;=u; €V1 vpv €Eg dG1+QG2 (ui’ Uk) + dG1+QG2 (u]-, vl)

-y [dg(cy) (W) + da, (vie)lldg(a, ) (w) + day (V)]
B o o2 M) () + Aoy (R)] + [da(ar) () + da ()
1
> e (2 3 (e 0+ doy(0)da, () + doy ()

u€eVy vpv EEg

>t

- Q(Al + Az)

maM1(G1) 4+ 2m1M1(G2) + n1M2(G2)
Q(Al +A2)

(m2M1(G1) +2m1 M1 (G2) + n1M2(G2)>

[\

Since |E(Q(G))| = 2|E(G)| and Ag) = Ag

3 da +qa (Ui, )G, +4Gs (g, v1)
vp=v1EV2 uju; €E(Q(G1)) G+ G (Ui V) +dGy+g 65 (U5, v1)

Z Z dG1+QGZ(uivvk)d01+QG‘2(ujvvl)

VEVs wiuy QG €V (O g €V(Q(G1))(G) TG1T@ G2 (i, v) + den 4o Ga (g, 1)

dGy+4Gs (Wi, VE)dG, + 6 G, (U5, v1)
+ 2 >

VeV wry €E(QUGY)) sy €V(Q(GY)) (G 1 +a G2 (Ui k) F dar g (U5, v1)

15



Now,

5 dGy+qGs (Wi, VE)dG, 4G, (U5, 1)

0Vl uiuy €B(Q(G i€V (G1) s €V(Q(G1)(G1) 01 +@C2 (Wi Vk) 4614062 (15, v0)

-y 5 (dg(ay (i) +day (V) (do(a,) (15))
VEV uiu; EE(Q(G1))iui €V(G1),u; €V(Q(G1))(G1) (dQ(Gy) (ui) + day (vr)) + (dg(6y) (45))

1
> m( Z Z day (wi)(dgay) (uy))
ST 22/ N eV uiuy € B(Q(G1))iui €V (G1),u; €V(Q(G1))(G1)

+4m2M1(G1))
4ma M1 (G1) + 4n25%(2m1)
- 4A1(A1 +A2)

> 4m2M1(G1) -+ 8m1n25%
- 4A1(A1 —l—Ag)

and

dG1+QG2 (ui, 'Uk)dG1+QG2 (ugsvr)

SV wruy €E(QUGY)) sy EV(QUGY) (G 1 +a G2 (Ui k) F dar g s (Ug,vr)

-3 ) do(ay) (wi)dg(ay)(4))
VeV wyuy EE(Q(G1sunny €V (@G (G (dR(En (1)) +(dg(en (u5)

where u; inserted in edge wyw, and u; inserted in edge wows of
G'1. So we have,

Z o ldg, (w1) + dg, (w2)][dg, (w2) + dg, (w3)]
veEV2 wiwa €E(G), waw3€E(G1) dGl (wl) + dGl (’u}z) + dGl (w2) + dGl (’wg)
S 4712512(%M1(G1) —ma)

4Aq

By using these values, we get the required equation

mng(Gl) + 2m1 M1 (G2) + nlMg(Gg) 4mao M1 (G1) + 8m1n25%

ReZG2(G1 +Q G2) >

Q(Al + AQ) 4A1(A1 —+ Ag)
n 4112512(%]\41 (Gl) - ml)
40 ’

Similarly we can compute

ReZGQ(G1 +g G2) §m2M1 (Gl) + 2m1M1(G2) + nlMQ(GQ) i 4mao M1 (G1) + 8m1n2A%

2(51 +52) 451(61 +§2)
4n2A12(%M1(G1) —m1)
+
461
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Theorem 2.6. Let G and G5 be two connected graphs with or-
der ni,no, size my, Mo, mazimum degree Ay, Ao and minimum
degree 01, 09 respectively. Then second redefined Zagreb index
for F-sum of graphs is

1 < ReZGo (G +1 Ga) < s

where

_4m2M1(G1)+16m1n25% 4”25%(%M1(G1)_m1)
- 4A1(A1 +A2) 4Aq
8maMi(G1) 4+ 5mi1 M1 (G2) + n1M2(G2) + 4na M2 (G1)
2(2A1 +A2)

7

and

_4m2M1(G1)+16m1n2A% 477«2A%(%M1(G1)_m1)
a 451((51 +52) 461
8mao M1 (G1) + 5mi1M1(G2) + ni1 M2(G2) + dna M2 (G1)
2(2A1 +A2)

Y2

equality holds if and only if Gy is a reqular graph.

Proof. By the definition of second redefined Zagreb index, we

have

ReZG2(G1 +1 Ga) = Z dG,+7G5(Wda, +rc5 (V)
(ui,vg)(uj,v)€EE(G1+7G2) dG1+1G> (1) +d6 4765 (V)

B Z da, 4565 (Ui, vE)dG, +pGo (U5, 1)
Ay +7Gy (Wis Vi) + dGy +0G4 (U, 1)

u;=uj €Vy vpv €EEg
dGy47Go (Ui, vi)day +4.Go (wj,v1)

+
vp=v€V2 uju; EE(T(G1)) dGl+TG2 (Ui’ vk) + dG1+TG2 (uj7 Ul)

Note that dg, (u) < Ay and dg, (u) > 91, equality holds if and
only if G is a regular graph, and similarly dg,(v) < As and

dg,(v) > 99, equality holds if and only if G is a regular graph.
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We get

Z dGy +Go (Ui, Vk)dGy +1Go (Ug,v1)
u;j=u;€Vi vpv €E2 dartrGs (Ui Vk) + A6 4Gy (45, 01)

-y ldray) (W) + de, (vi)][dray) (w) + dg, (V)]
e e, 19T (G1) (W) + day ()] + [dr(ay) (w) + da, (v)]
> [2dg, (u) + da, (vr)][2de, (w) + day (vi)]

v €Vi vpine By 12061 (W) + day (V)] + [2da, (u) + da, (v1)]

Zm( Do de+2) ] D doy (wW)(dey (ve) + day (v))

u€EVy vv EEg ueVy vpv  €EEg
S X Uanodayw)
u€Vy vpv EEg
dmoa M1 (G1) + 4m1 M1 (G2) 4+ n1 M2(G2)
2(2A1 + Ag)

+

Since |E(T(G))| = 2|E(G)| and Ape) = 2A¢

Z Z dGy 4+0Go (Wi, V) + dGy 4Gy (U5, 1)
o EVe iy e B(T(Gy)) GG +1Ga (Wi Vk)AG +1.Gy (45, 11)

_ Z Z dey +062 (Uis Vi) + day +p6a (45, 01)
Vs iy BTG sy ev(Gy)  GC1+rGa (i Vk)dar1raa (4, v1)

n Z Z da, 4+0Go (Ui, k) + da, 476, (U5, 1)
vEVh uiu; € B(T(G1))ui €V (G1)yu; €V(T(G1))—V(G1) Gy +7G2 (Ui, Vk)dGy +1.G, (ug, 1)

+ Z Z dG1+TG2 (uiavk) +dG1+TG2(uj7'Ul)
VeV uiu; €B(T(G))sui g €V (T(G1)-V(Gy) 61 +7G2 (U V)G 4762 (U5 1)

. Z Z dGy +1Go (Wi, k) + day +rGo (ug,v1)
VEVs usuj € E(T(G1))ius g €V(T(G1))—V(G) Gy 476G (Ui, Vk)dG +1.G, (ug, 1)

Note that w;,u; € V(Gy) and wu; € E(T(Gy)) if and only if
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wiu; € E(Gy), we have

> >

dGy +0Go (Ui, Vk)day +1Go (Ug, 1)

VeV sy EB(T(GY sy €V (Gy) GG1+7Ca (Ui 08) F dG147.G, (uj, 1)

1
> 1 (A ()
20241 + Az) (v;@ wiuy €E(T(G1))5uq,u; €V (G1) e
+ e (0) (dr(y) (1) + ey ()
1
> o 22 > (desy (v))(desy (us) + dy ()

veV2 uju; EE(T(G1))s5u,u; EV(G1)

+2

veEVH wiu; €EE(T(G1))iuq,uj €V (G1)

>t
2(2A1 + Ag)

(4, (u)da, (ug) + 2, <v>>)

(4m2M1(G1) + n2(4M2(G1)) + ml(Ml(G2)))

S 4ma M1(G1) + 4naM2(G1) + m1 M (G2)

- 2(2A1

Since dg,+,6,(u, )

+ Ag)

= da, 1,6, (u,v) for u € V(T'(Gy) — V(G1))

and v € V(Gs), we get the following equation by using the proof

of Theorem?2.5

ReZG2(G1 +1 G2) >

and

ReZG2(G1 +1 G2) <

4mao M1 (G1) + 16771,1712(5% 47125%(%1\/[1 (G1) —m1)
4A1(A1 + Ag) VAN
8maM1(G1) + 5m1 M1 (G2) + n1M2(G2) + 4na M2(G1)
2(2A1 + AQ)

4m2M1(G1)+16m1n2A% 4712A%(%M1(G1)—m1)
451(51 +52) 461
8ma M1 (G1) + 5mi M1(G2) + n1 Ma(Ge) + 4na M2 (G1)

2201 + As)
0

2.7 Third Redefined Zagreb Index for F-sum
of graphs, where F= QQ or T

In this section, we establish the results for the third redefined
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Zagreb index of G; +r G5 in terms of Ag maximum degree, dg

minimum degree and Zagreb index of graph G.

Theorem 2.8. Let G and Go be two connected graphs with or-
der ni,no, size mq, mo, mazrimum degree Ay, Ao and minimum
degree 01, 09 respectively. Then third redefined Zagreb index for
F-sum of graphs is

71 < ReZG3(G1 +¢g G2) < 72

where

1
v1 =2(61 + 52)3 + 8mim201(d1 + 02) (501 + d2) + 167125%(5]\/[1(6'1) —m1)
(3)
1
Y2 :Z(Al + A2)3 + 8m1n2A1(A1 + Az)(5A1 + Az) + 16n2A:1"(§M1 (Gl) — ml)

equality holds if and only if Gy is a reqular graph.

Proof. By the definition of third redefined Zagreb index we have

ReZG3(G1 +q G2) = > ldG,+662 (Wda, + 66, (Vldey +o G, (w)
(ui,vg)(uj,v)EE(G1+QG2)

+dg, +q G2 ()]
= > D> e 406 (Wi vk)da, 4o 6y (U5, v1)]

u;=u; €V1 vpv €Eg
[day +0Ga (wis vi) + dey+g G, (U5, 1))

+ Z Z [ +q 6o (Wis V)G +q 6o (U, v1)]
v=v;EVy Ui €EE(Q(G1))

Aty + (1, 08) + e 1 g (5, 00)]
Note that dg, (u) < Ay and dg, (u) > 91, equality holds if and
only if Gy is a regular graph, and similarly dg,(v) < Ay and
dg,(v) > 9y, equality holds if and only if G is a regular graph.
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We get

Z Z [dG1+QG2 (w4, 'Uk)dG1+QG2 (uj7 'Ul)][dGrFQGz (uiv vg) + dG1+QG2 (ujvvl)}
wi=u; V1 vpv €Eg

= > > ldgen @) +da, () (dg(a,) (1) + das (v0))]

ueV] vpv EEo
[(do(a)(w) +day (Vi) + (dg(ay) (u) + day (v))]
<oar+80)( X oy () + dea(u))day () + doy ()
ueVy vgv €Eo
< 2n1ma (A1 + A2) (AL + Ag)?
<2(A1 4 Ap)?
Since |E(Q(G))| = 2|E(G)| and Age) = A
> > [dG1+qGs (Wis vk)da 4o 62 (U5, v0)][dG 1+ Go (Wis VE)
vp=v1€Va u;u; €E(Q(G1))
+dGy+qGs (u5,v1)]
veEV2 uju; €E(Q(G1))5ui €V (G1),u; EV(Q(G1))(G1)
lday +q s (uis vi) + day g 6o (U, v1)]
+ >
veV2 uju; €EE(Q(G1))5ui,uj €V(Q(G1))(G1)

[day +o6s (Wisvk) + doy +g G, (uj,v1)]

[dG1+QG2 (u'i7 vk)dG1+QG2 (uj7 ’U[)]

[dey +6Ga (Wi vk)dG, +oGo (U, 1))

Now,

>

(A +q 6o (Wi Vi) e+ 6o (U, 01)]
veEV2 u;u; €E(Q(G1))iu; €V(G1),u; EV(Q(G1))(G1)

[dGy1+0Ga (uisvr) +dGy+6Ga (g, v1)]
UEZV2 uiu; €EE(Q(G1))5ui €V (G1),u; €V(Q(G1))(G1)
[(dg(ay) (wi) + day (Vi) + (dg(ay) (1))
< [n2A1(2ma) (A1 + A2)][(A1 + Az) + 4A4]
< [An2A1(2ma) (A1 + A2)][(5A1 + Az)]
< 8min2Ai1 (A1 + A2)(5A1 + Ag)

[(dq(ay) (us) + das (vi))(dg(ay) (u5))]

and
vEV2 uu; €B(Q(G1))iui,u;i €V(Q(G1))(G1)
[dG1+QG2 (wi,vx) + dG1+QG2 (uj,v1)]
veV2 u;u; €B(Q(G1))jui,uj €V(Q(G1))(G1)
+ (do(ay) (u)))]

[dG1+QG2 (ui7 ’Uk)dG1+QG2 ('LLj,'Ul)]

l[do(ay)(wi)dga, )y (ui)ll(dga,) (us))
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Where u; inserted in edge wyw, and u; inserted in edge wows of

G1. So we have,
=> > [(dg, (w1) + dg, (w2))(da, (w2) + dg, (ws))]

veEV2 wiwa EE(G),wawz€E(G1)

[dGl (wl) + dG1 (w2) + dG1 (w2) + dGl (w3)]

1
< 16n2A§(5M1(G1) —my)

By using these values, we get the required equation

ReZG3(G1y46,) <2(A1 + A2)3 + 8minaAr (A1 + Az)(5A1 + Ag)

1
+ 16”2A?(§M1(G1) — ml)-
Similarly we can compute

1
ReZGg(G1+QG2) >2(61 + 52)3 —+ 8m1nz51(61 + 52)(551 -+ 52) + 16n26§(§M1(Gl) —my)

]

Theorem 2.9. Let G; and G5 be two connected graphs with or-
der ni,no, size my, mo, mazrimum degree Ay, Ao and minimum
degree 01, 09 respectively. Then third redefined Zagreb index for
F-sum of graphs G is

71 €< ReZG3(G1 +1 G2) < 72

where

1
1 =2(mang +nima) (241 + Az)? + 16n2A§(§Ml(G1) —m1)
+ 8minaA1(2A1 + A2)(6A1 + A2)

and

1
2 =2(ming +nima)(261 + 62)% + 16n25f(§M1(G'1) —my)
+ 8m1m261(201 + 62) (601 + 62)

equality holds if and only if G5 is a reqular graph.
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Proof. By the definition of third redefined Zagreb index, we have
ReZG3(G1 +1 G2) = [dG 4762 (w) + dG 4002 (V)]
(ui,vp)(uj,v)EE(G1+T1G2)
[dcy +1Go (WdG, +4.65 (V)]

= > > ey +an (Wi vi) + day 46y (g, 01)]

u;=uj€Vy vgv €EE2
[dG1+TGQ (ui7 vk)dG1+TG2 (ujv 'Ul)]

+ > > [dGy +0Go (Ui, Vi) + dGy +0.G5 (w5, 1))
vp=v€V2 uju; EE(T(G1))

(e 1p.Ga (45> v8)dG 43 (15, 00)]

Note that dg, (u) < Ay and dg, (u) > 91, equality holds if and
only if G is a regular graph, and similarly dg,(v) < As and
dg,(v) > 9y, equality holds if and only if G5 is a regular graph.

We get
> > ey 46a (Wi vE) + day 46y (ug, 01)]
u;=ujEV1 vgv €EE2
[dGy+7ras (Ui, vi)day +pas (U, v1)]

=2 > ldrey) (W) +day (vr)) + (driey) (w) + das ()]

u€Vy vpv € Eg
[(dr(ay) (@) + da, (Vi) (dra, ) (w) + da, (v))]
= > > [2da, () + day (i) + (2de, (u) + da, (01))]

uizquVl Vv €EEo

[(2dg, (u) + da, (vi))(2dG, (w) + dg, (V)]

< nimsg (2(2A1 + AQ)(2A1 + A2)2)

< 2n1ma(2A1 + Ag)?
Since |E(T(G))| = 2|E(G)| and Ape) = 2A¢

> > [dey +0Gy (Wis vk) + dGy 4064 (U, 01)]

v =v€V2 uju; EE(T(G1))
[dGy +165 (Ui, vi)dGy + 1G5 (U5, 01))]

= > [dG, +1G2 (Wis vi) + day +0.G5 (w5, v1)]
veVa usu; €EE(T(G1))juq,uj €V (G1)

[day +r6o (Ui, ve)dG, 0.6y (ug, v1)]

+ > > [dey+0Gy (Wis vk) + dGy 4065 (U, 01)]
veEV2 uju; €E(T(G1));u; €V(G1),u EV(T(G1))—V(G1)

[dGI+TGQ (ui» vk)dG1+TG2 (’LL]', Ul)]
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Note that w;,u; € V(G;y) and wu; € E(T(Gy)) if and only if
wu; € E(Gy), we have

> > [dey +0Go (Wis vk) + dGy 0G4 (U, 01)]
veEV2 uju; €EE(T(G1))juq,u; EV(G1)

[dG1+TG2 (uiz Uk:)dG1+TG2 (uj, vl)]

>3 > [(dr(ay)(ui) + day (v) + (dp(ay) (ug) + da, (V)]
veVa uju; EE(T(G1))suq,ui €V (GT)

[(dr(G,) (i) + day (v)(dr(a,) (us) + da, (v))]
> 2ming (241 + Ag)?

Since dg, 4,6, (u,v) = da, 1,6, (u,v) for u € V(T(Gy) — V(G1))
and v € V(Gs), we get the following equation by using the proof
of Theorem?2.8

1
ReZG2(G1 +1 G2) <2(minz +nima)(2A1 + AQ)S + 16%2&?(5M1(G1) —m1)
+ 8minaA1(2A1 + A2)(6A1 + Ag)

and

3,1
ReZGQ(Gl +7 Gg) 22(m1n2 + n]_mg)(251 + 52)3 =+ 16n25f(5M1(G1) — ml)

+ 8mingdy (251 =+ 52)(651 + 52)
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