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Abstract. A directed Toeplitz graph is a digraph with a Toeplitz
adjacency matrix. In this paper we study the hamiltonicity of the
Toeplitz graphs of type T,(1,3,4;t). For t € {2, 3,4, 5, 8, 9}, we
give conditions (on n) under which such a graph is hamiltonian.
For t € {6, 7} and ¢t > 10, we see that T},(1,3,4;¢) is hamiltonian
for all n.
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1 Introduction

In this paper all graphs are directed. For a digraph (directed graph)
D, as usual, V(D) will denote its vertex set and A(G) its arc (directed
edge) set. A digraph C with V(C) = {v1,...,v,} and A(C)={(v1,v2),
(v2,v3). .. ,(Vn—1,Un),(Un,v1)} is called a circuit (Of course, v; # v; for
all distinct 4, 7). A circuit minus one arc is called a path. A digraph D’ is
called a sub(di)graph of D if V(D') C V(D) and A(D') C A(D). If moreover
V(D) = V(D), D’ is said to span D. If D’ spans D and is a circuit or a
path, it is also called hamiltonian. Any digraph possessing a hamiltonian
circuit is itself called hamiltonian, too. Indegree (outdegree) of a vertex v
in D is the number of head (tail) endpoints adjacent to v and is denoted
by d~(v) (d*(v)). An arc (vi,v2) is increasing (decreasing) if (v1 < wvsa)
((v1 > vg), respectively).

The directed Toeplitz graph Tp,{ $1, S2,..., Sk; t1, to,...,t;) is the di-
graph with vertices 1, 2, ..., n, in which the arc (i, j) occurs if and only if
j—1i=spori—j=t, for some integers p and ¢ (1 <p <k, 1<q<I).
Its adjacency matrix is a Toeplitz matrix, i.e., it has constant values along
all diagonals parallel to the main diagonal. If the Toeplitz adjacency ma-
trix is symmetric, the graph is said to be undirected. T),(t1,ta,...,t;) de-
notes the undirected Toeplitz graph with the adjacency matrix of T),( ¢,
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ooy ti; t1, ..., t;). Hamiltonicity of T, ( t,ts,...,t;) means hamiltonicity
of To,( t1,. .. tit1,. .. ,t;). Connectivity results obtained in the undirected
case have a direct impact on the directed case. So connectedness of T}, (
81, - ,Sk; t1,. . . ,t;) means precisely connectedness of T,,(81,. .. ,Sk; t1,- .. ,t1)
(with duplicates dropped) i.e., T, (S1,. .. ,Sk, t1,- - ,t1)-

Remark that T,,(s1,...,sit1,...,t;) and T (t1,...,t5;81,...,8;) are
obtained from each other by reversing the orientation of all arcs.

Properties of Toeplitz graphs, such as bipartiteness, planarity and coloura-
bility, have been studied in [5] and [6]. Circulant graphs, which are special
Toeplitz graphs, have been intensively studied (see [1], [2], [4], [8], [12], [13]
and [7]). Hamiltonian properties of undirected Toeplitz graphs have been
investigated in [3] and [9] and those of directed Toeplitz graphs have been
investigated in [11] and [10].

In order to understand the hamiltonian properties of Toeplitz graphs it
is important to study the case of small values for k£ and [, starting of course
with small values of s, t;. The hamiltonicity of larger Toeplitz graphs then
follows.

Paper [11] investigates the hamiltonicity of the Toeplitz graphs with
s = 2, and in particular those with s3 = 3. Paper [10] extends this inves-
tigation to the case s; = t; = 1 with so = 3. Following is a list of main
results of these two papers ([11] and [10]).

1. For even ¢, T,,(1,2;t) is hamiltonian if and only if n is odd.
2. T,(1,2;3) is hamiltonian if and only if n =5 or n = 1 (mod 3).
3. T (1,2;5) is hamiltonian for all n > 29.

4. Let t > 7 be an odd integer. Then T,(1,2;t) is hamiltonian for all
n > 3t + 5.

5. Tn(1,2,3;2) is hamiltonian if and only if n = 4 or n =1 (mod 2).
6. T,,(1,2,3;t) is hamiltonian for all ¢t > 3 and n.

7. To(s;t) is a circuit if and only if ged (s, t) =1 and s +¢ = n.

8. For t € {2,4,6}, T,,(1,3;1,¢t) is hamiltonian for all n.

9. T,(1,3;1,t), where ¢(> 8) is even, is hamiltonian if n = 0, 2, 4, 6, 5, 7,
9,...,t—3 (mod (t —1)).

10. T,(1,3;1,t), where t(> 3) is odd, is hamiltonian if and only if n is even.
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In this paper we extend the investigation to the case sy = 3, s3 = 4,
still keeping s; = 1 and | = 1. Thus, the Toeplitz graphs treated here
have the form T,,(1,3,4;t). The main results are: For ¢t = 2, T,,(1,3,4;t) is
hamiltonian for infinitely many n's. For 4 < ¢ <9, it is hamiltonian for all
but finitely many n’s. For ¢ > 10, T,,(1, 3,4; ) is hamiltonian for all n. So
in this paper we discuss all the cases for which T, (1, 3,4;¢) is hamiltonian,
and some cases for which T,,(1, 3, 4;t) is non hamiltonian (i.e., for t =5, 8
and two cases for ¢ = 4) and leave the remaining ones as conjectures.

We underline a pair of consecutive vertices (say n—1 andn) asn — 1, n
to emphasize that (n — 1, n) is an arc in the hamiltonian circuit.

2 Toeplitz graphs T,,(1,3,4;t) with t < 4

We start with the following lemma which is included in Theorem 1 of [10].

Lemma 1. If ged(s,t) =1 then Tsii(s;t) is a circuit.

Theorem 1. T,,(1,3,4;2) is hamiltonian for n € {5,7} and all n = 0,3
or 4 modulo 6.

Proof. T5(1,3,4;2) is hamiltonian by Lemma 1.
Fig. 1 shows why 77(1, 3, 4;2) is hamiltonian.

Fig. 1.

Fig. 2 shows the hamiltonian circuit (1, 2, 6, 4, 5, 3, 1) in T§(1,3,4;2),
which contains the arc (4, 5).
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Fig. 2.

Fig. 3 shows the hamiltonian circuit (1, 5, 9, 7, 8, 6, 4, 2, 3, 1) in To(1, 3, 4; 2),
which contains the arc (7, 8).

Fig. 3.

Fig. 4 shows the hamiltonian circuit (1, 4, 2, 6, 10, 8, 9,7, 5, 3, 1) in
T10(1, 3,4;2), which contains the arc (8, 9).

Fig. 4.

Since any hamiltonian circuit of T,,(1,3,4;2) which contains the arc
(n—2, n—1) can be transformed into a hamiltonian circuit of T}, 46(1, 3, 4; 2)
containing the arc (n + 4, n 4+ 5) by replacing the arc (n — 2, n — 1) with
the path (n—2, n+2, n+6,n+4, n+5, n+3, n+1, n—1), the theorem

follows. O
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Theorem 2. T,(1,3,4;3) is hamiltonian for n € {5, 6, 7, 9}.
Proof. Fig. 5 shows the hamiltonian circuit (1, 5, 2, 3, 4, 1) in T5(1, 3, 4; 3).

A\

w

Fig. 5.

Fig. 6 shows the hamiltonian circuit (1, 2, 5, 6, 3, 4, 1) in Ts(1, 3,4; 3).

Fig. 6.

T7(1,3,4; 3) is hamiltonian by Lemma 1. Fig. 7 shows a hamiltonian circuit
(1,2,5,8,9,6,3,7,4, 1) in Ty(1, 3,4; 3).

This finishes the proof. a

We ignore whether T, (1, 3, 4; 3) is hamiltonian for any n ¢ {5, 6, 7, 9}.
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3 Toeplitz graphs T,,(1,3,4;t) with4 <t <9

Theorem 3. T,(1,3,4;4) is hamiltonian for n € {5, 7, 8, 9, 11, 14, 15,
17, 18, 20, 21} and all n > 23.

Proof. T5(1, 3,4;4) and T7(1,3,4;4) are hamiltonian by Lemma 1. The first
includes the circuit T5(1;4), which contains the arc (3, 4). Fig. 8 shows why
Ty(1,3,4;4) is hamiltonian.

Fig. 8.

Fig. 9 shows the hamiltonian circuit (1, 2, 3, 7, 10, 6, 9, 13, 14, 15,
11, 12, 8, 4, 5, 1) in T15(1, 3, 4;4).

Fig. 9.

In Fig. 10 we see the hamiltonian circuit (1, 2, 3, 7, 10, 6, 9, 13, 17, 20,
16, 19, 23, 24,25, 21, 22, 18, 14, 15, 11, 12, 8, 4, 5, 1) in Ths(1, 3, 4; 4).

Any hamiltonian circuit of T,(1,3,4;4) which contains the arc (n —
2, n — 1) can be transformed into a hamiltonian circuit of T, 43( 1, 3, 4; 4)
containing the arc (n + 1, n + 2) by replacing the arc (n — 2, n — 1) with
the path (n — 2, n+ 1, n+ 2,n+ 3, n — 1), and this finishes the proof. O
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Fig. 10.

Theorem 4. T4(1,3,4;4) is non-hamiltonian.

Proof. Suppose on contrary that Tg(1,3,4;4) is hamiltonian and H =
Hy_¢UHg_ is a hamiltonian circuit in Tg(1, 3, 4;4). Then for every vertex
v in H, we have d~(v) =1 =d™(v).

T6(1,3,4;4) has only two decreasing arcs namely (6,2) and (5,1) and
both of them are in Hg_,; because d~(1) =1 = d*(6). So Hs_1 would be
Hg_,1 = (6,2) U (2,5) U (5,1). Now Hy_,¢ must contain the arc (1,4) but
then Hq_.g would be stuck at vertex 4 and also the vertex 3 would be lost.

So a contradiction. a
Definition
The vertices V' = {uy, ug, ..., ui} are said to be consecutive vertices

of order k£ > 2 if there exists an arc of length one between u; and wus,
between us and ug, so on, and between uy_1 and uy. Two set of consecutive
vertices say V7 and V, are disjoint if there does not exist an arc of legth
one between any vertex of Vi and any vertex of V5.

Theorem 5. T1¢(1,3,4;4) is non-hamiltonian.

Proof. Suppose on contrary that Tyo(1,3,4;4) is hamiltonian and H =
Hy_,10 U Hyp—1 is a hamiltonian circuit in T1(1,3,4;4). Then for every
vertex v in H, we have d~(v) = 1 = dT(v).
Let

V(Hioer \ {1,10}) = Vi UVa--- UV},

where each Vj is a disjoint set of consecutive vertices of order > 2. But then
order of each V; should be not more than 3 because Hq_,19 has no arc of
length more than 3. Thus |V;| = 2 or 3.
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Let A be the set of all decreasing arcs in T1¢(1, 3, 4;8), i.e., A = {(10, 6),
(9,5), (8,4), (7,3), (6,2), (5,1)}. The arcs (10,6) and (5,1) both are in
Hio—1 because d=(1) = 1 = d*(10) in H. But Hyp_,; cannot have only
these two arcs as its decreasing arcs because otherwise Hig_.1 would be
stuck at vertex 6. Let B be the set of all decreasing arcs in Hyp—1. Thus
3 < |B| < 6. Four cases arise as per number of decreasing arcs in Hyg_1.

Case 1. If |B| = 6.

Thus B = A and V(Hy0-1 \ {1,10}) = {2,3,4,5,6,7,8,9} =V, where
V1 is a set of consecutive vertices, but |V1| > 3 so a contradiction.

Case 2. If |B] = 5. Since (10,6), (5,1) € B, four subcases arise.

1. (9,5), (8,4), (7,3) € B.
Since V(H10—>1 \ {1,10}) = {3,4,5,6, 7,8,9} = V7 but ‘Vll > 350 a
contradiction.

2. (9,5), (8,4), (6,2) € B.
Thus Hig_1 = (10,6) @] (672) UPr_gU (8,4) U Py g U (9,5) @] (5, 1)
but then Hyp_1 would be stuck at P»_,g because the only possibilty
for the path Py_g in Hyg—1 is Pag = (2,3) U P35 but in this case
Hio—1\ {1,10} would have more than 3 consecutive vertices.

3. (9,5), (7,3), (6,2) € B.
Hiyg1 = (10, 6) U (6, 2) UPy 7U (7, 3) UP;_gU (9, 5) U (5, ].) but then
Hyy_.1 would be stuck at P»_,7 because P,_,7 cannot go beyond vertex
2.

4. (8,4), (7,3), (6,2) € B.
V(Hyo—1 \ {1,10}) = {2,3,4,5,6,7,8} = V; but [Vi| > 3 so a contra-
diction.

Case 3. 1f |B| = 4. Since (10, 6), (5,1) € B, six subcases arise.

1. (9,5), (7,3) € B.
Thus Hyo—1 = (10,6) U (6,7) U (7,3) U P3_,g U (9,5) U (5,1) but then
Hip_1 would be stuck at P3;_,9 because the only possibilty for the path
P3_,g in HlO—»l is P3_,9 = (3, 4) UP4_)9 but in this case H10—>1 \ {1, 10}
would have more than 3 consecutive vertices.
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2. (9,5), (6,2) € B.
Thus H10—>1 = (10, 6) @] (6, 2) U P2_,9 @] (9, 5) U (5, 1) but then H10_>1
would be stuck at P»_,9 because the only possibilty for the path P_.g
in Hyg_1 is Py = (2,3) U (3,7) U P79 which would stuck at vertex
UP;_9 as cannot go beyong vertex 7.

3. (8,4), (7,3) € B.
V(Hyo—1 \ {1,10}) = {3,4,5,6,7,8} = V; but |V1]| > 3 so a contradic-
tion.

4. (8,4), (6,2) € B.
Thus Hig1 = (10, 6) @] (67 2) UPy gU (8,4) @] (4, 5) @] (5, 1) but then
Hip_1 would be stuck at P»_.g because the only possibilty for the path
P2_,8 in H10_>1 is P2_>8 = (2, 3) U P3_,8 but in this case H10—>1 would
have more than 3 consecutive vertices.

5. (7,3), (6,2) € B.
Hig_1 = (107 6) U (6, 2) UPy_ 7 U (7, 3) U (3, 5) U (5, 1) but then Hig_1
would be stuck at P,_.7 as cannot go beyond vertex 2.

6. (9,5), (8,4) € B.
Thus H10_>1 = (10, 6) U PG—»8 U (8, 4) U P8_>4 U P4_,9 U (9, 5) U (5, 1) but
then Hig_,1 would be stuck at Ps_.g.

Case 4. 1f |B| = 4. Since (10, 6), (5,1) € B, four subcases arise.

1. (9,5) € B.
Thus Hig_1 = (10,6) UPs_gU (9,5) @] (5, 1) but then Hyg_; would
be stuck at Ps_g because the only possibilty for the path Ps_g in
HlO—»l is Pe_,g = (6,9) but in this case H1—>10 would be H1—>10 =
(1,2) U (2,3)U(3,4) U (4,7) U (7,8) U Ps_,19 which would be stuck at
vertex 8 in Ps_,19.

2. (8,4) € B.
Thus Hip_1 = (10, 6) U Ps_g U (8,4) @] (4, 5) @] (5, 1) but then Hig_1
would be stuck at Ps_.s.

3. (7,3) € B.
Hyp—1 = (10,6) U (6,7) U (7,3) U P35 U (5,1) but then Hyp—; would
be stuck at P5_.5.

4. (6,2) € B.
Thus Hyp—1 = (10,6) U (6,2) U(2,5) U (5,1) but then Hy_,19 would be
stuck at vertex 1.

Thus In each case there is a contradiction. Hence Tyo(1, 3,4;4) is non-
hamiltonian.
O
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Theorem 6. T,(1,3,4;5) is hamiltonian for all n if and only if n # 7.
Proof. Claim 1. For n € {8, 11}, T,,(1, 3,4;5) is hamiltonian.
Indeed T5(1,3,4;5) has a hamiltonian circuit (1, 4, 7, 2, 5,8, 3, 6, 1),

and T11(1,3,4;5) has a hamiltonian circuit (1, 2,5,9,4, 8,3, 7,10, 11
, 6, 1) (see Figs. 11-12).

—

(>
>
(>
(<

Fig. 12.

Claim 2. For n € {6,9, 12, 15}, T,,(1,3,4;5) has a hamiltonian circuit
containing the arc (n — 2, n — 1).

Indeed Tg(1, 3,4;5) contains the hamiltonian circuit (1, 2, 3, 4, 5, 6). In
Ty(1,3,4;5) the circuit (1, 2, 3, 7, 8, 9, 4, 5, 6, 1) is hamiltonian, in T12(1, 3, 4; 5)
the circuit (1, 4, 5, 8, 9, 10, 11, 12, 7, 2, 3, 6, 1) is hamiltonian, and in Ty5(1, 3, 4; 5)
the circuit (1, 4, 5, 8, 9, 13, 14, 15, 10, 11, 12, 7, 2, 3, 6, 1), is hamiltonian
(see Figs. 13-16).
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Fig. 14.

Fig. 16.

Starting from the above values of n € {6, 9, 12, 15}, we can extend a
hamiltonian circuit in T, (1, 3,4; 5) containing the arc (n — 2, n — 1) to a
hamiltonian circuit in T}, 14(1, 3, 4;5) with the same property by replacing
the arc (n — 2, n — 1) with the path

mn=2,n+1,n+2,n+3, n+4,n—1).
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Since 6, 9, 12, 15 are representatives in each of the various rest classes
modulo 4, it follows that T),(1,3,4;5) is hamiltonian for n = 6, n = 9,
n = 10 and n > 12. This together with Claim 1 shows that if n # 7 then
T, (1, 3,4;5) is hamiltonian for all n.

Conversely, Let n = 7. Suppose on contrary that 75 (1,3, 4;5) is hamilto-
nian and H = Hy_yUH7_,1 is a hamiltonian circuit in 77(1, 3, 4; 5). Clearly,
H7_,; contains both arcs (6,1) and (7,2), otherwise vertex 1, respectively
vertex 7, would be lost. Therefore, the subpath of H from vertex 1 to vertex
7 must be (1,4, 7). Now, the only paths from vertex 2 to vertex 6 are (2,6),
(2,3,6) and (2,5,6), and each time at least one point remains unvisited
which contradicts our assumption. a

Theorem 7. T,(1,3,4;6) is hamiltonian for all n.

Proof. Claim 1. Ty(1,3,4;6) is hamiltonian.

Indeed a hamiltonian circuit in Ty(1,3,4;6) is (1, 4, 8, 2, 5,6, 9, 3, 7,
1), see Fig. 17.

Fig. 17.

Claim 2. For n € {7, 8, 10, 11, 14}, T,,(1, 3, 4; 6) has a hamiltonian circuit
containing the arc (n — 2, n —1).

Indeed T%(1, 3, 4; 6) has the hamiltonian circuit 7% (1;6). In Tg{ 1, 3, 4; 6)
we find the hamiltonian circuit (1, 4, 5, 8, 2, 3, 6, 7, 1), in T19(1, 3, 4;6) the
circuit (1, 2, 5,8, 9, 3,6, 10, 4, 7, 1), in T11(1, 3, 4; 6) the circuit (1, 2, 3, 4, 8,
9,10, 11, 5, 6, 7, 1), and in Ti4(1, 3,4;6) the circuit (1, 4, 5, 6, 9, 10, 11,
12,13, 14, 8, 2, 3, 7, 1) (see Figs. 18-21).
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Starting from the above values of n € {7, 8, 10, 11, 14}, we can extend
a hamiltonian circuit in T,,(1, 3,4; 6) containing the arc (n —2, n — 1) to a
hamiltonian circuit in T}, 45(1, 3, 4; 6) with the same property by replacing
the arc (n — 2, n — 1) with the path

n—2,n+1,n+2,n+3,n+4,n+5 n—1).

Since 7, 8, 10, 11, 14 are representatives in each of the various rest
classes modulo 5, it follows that T),(1, 3,4;6) is hamiltonian for all n # 9.
This together with Claim 1 shows that T},(1,3,4;6) is hamiltonian for all
n. O

Theorem 8. T,(1,3,4;7) is hamiltonian for all n.

Proof. Claim 1. Ty1(1,3,4;7) is hamiltonian.

Indeed in T11(1,3,4;7) the circuit (1, 2, 5, 9, 10, 3, 6, 7, 11, 4, 8, 1) is
hamiltonian (see Fig. 22).

Fig. 22.

Claim 2. For n € {8, 9, 10, 12, 16}, T,,(1,3,4; 7) has a hamiltonian circuit
containing the arc (n — 3, n — 2).

Indeed Tg(1,3,4;7) has the hamiltonian circuit T(1;7), in To( 1, 3, 4;
7) the circuit (1, 4, 5, 9, 2, 3, 6, 7, 8, 1) is hamiltonian, in T1¢(1, 3,4;7) we
find the hamiltonian circuit (1, 2, 5, 6, 9, 10, 3, 4, 7, 8, 1), in T12(1,3,4;7)
the circuit (1, 2, 6, 9, 10, 3, 4, 7, 11, 12 , 5, 8, 1), and in T6(1,3,4;7) the
circuit (1, 5, 6, 10, 11, 12, 13, 14, 15, 16,9, 2, 3,4, 7, 8, 1) (see Figs. 23-26).
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Fig. 26.

15
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From the initial values n € {8, 9, 10, 12, 16}, we inductively extend a
hamiltonian circuit in 7, (1, 3,4;7) containing the arc (n — 3, n — 2) to a
hamiltonian circuit in T;,45(1, 3,4;7) with the same property, by replacing
the arc (n — 3, n — 2) with the path

(n=3,n+1,n+2,n+3, n+4,n+5 n—2).

Since 8,9, 10, 12, 16 are representatives in each of the various rest
classes modulo 5, it follows that T,,(1,3,4;7) is hamiltonian for all n # 11.
This together with Claim 1 shows that 7},(1,3,4;7) is hamiltonian for all
n. O

Theorem 9. T, (1,3,4;8) is hamiltonian for all n different from 14.

Proof. Claim 1. Ty2(1,3,4;8) is hamiltonian.
Indeed T12(1, 3,4;8) has a hamiltonian circuit (1, 2, 3, 6, 7, 10, 11, 12,
4,5,8,9,1), see Fig. 27.

Fig. 27.

Claim 2. For n € {9, 10, 11, 13, 18, 20}, T, (1, 3,4;8) has a hamiltonian
circuit containing the arc (n — 3, n — 2).

3, 4,
9 .

, 1) is

Indeed Ty(1,3,4;8) has the hamiltonian circuit To(1;8) = (1, 2,
5,6,7,8,9,1). In Tio(1,3,4;8) the circuit (1, 5, 6, 10, 2, 3, 4, 7, 8
hamiltonian, see Fig. 28.
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Fig. 28.

In T11(1,3,4;8) the circuit (1, 2,5, 6,7, 10,11, 3,4, 8,9, 1) is hamilto-

nian, see Fig. 29.

Fig. 29.

(1,3,4;8) is spanned by the circuit (1, 2, 6, 10, 11, 3, 4, 7, 8, 12, 13, 5,
,4:8) by (1,5, 6, 7, 11, 12, 13, 14, 15, 16, 17, 18, 10, 2, 3, 4, 8,
0(1,3,4:8) by (1, 5, 6, 7, 11, 14, 15, 16, 19, 20, 12, 13, 17, 18,
, 9, 1) (see Figs. 30-32).

= =
—
= 5
=
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12 13 14 15 16 17 18

Fig. 31.

Fig. 32.

Starting from the above values of n € {9, 10, 11, 13, 18, 20}, we can ex-
tend a hamiltonian circuit of T, (1, 3, 4; 8) containing the arc (n—3, n—2) to
a hamiltonian circuit in T,,4¢(1, 3, 4; 8) with the same property by replacing
the arc (n — 3, n — 2) with the path (n —3,n+1,n+2, n+3, n+4, n+
5, n+6,n—2).

Since 9, 10, 11, 13, 18, 20 are representatives in each of the various
rest classes modulo 6, it follows that T,,(1,3,4;8) is hamiltonian for n =
9, 10, 11, 13 and for all n» > 15. This together with Claim 1 shows that
T,.(1,3,4;8) is hamiltonian for all n # 14. ad

Theorem 10. T14(1,3,4;8) is non-hamiltonian.

Proof. Suppose on contrary that Ty4(1,3,4;8) is hamiltonian and H =
Hy_,14 U Hy4—,1 is a hamiltonian circuit in T14(1,3,4;8). Then for every
vertex v in H, we have d”(v) = 1 = d¥(v). The vertices which are not
covered by Hy4-,1 would be covered by Hi_,14, and since increasing arcs in
Hi_,14 are of length 1, 3 and 4 only, so clearly Hi4_.; would not use more
than three consecutive vertices.
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Let A be the set of all decreasing arcs in T14(1,3,4;8), i.e., A = {(14,6),
(13,5), (12,4), (11, 3), (10,2), (9,1)}, and B be the set of all decreasing arcs
in H, (clearly B C A). Since d~ (1) = d*(14) = 1 in T14(1, 3,4; 8), so (14, 6),
(9,1) € B. Clearly, (14,6), (9,1) € E(H14-1). H cannot have only these two
arcs as its decreasing arcs, because otherwise (6,9) € E(Hy4-1) but in that
case Hj_,14 cannot cover all of the remaining vertices {2, 3, 4, 5, 7, 8, 10,
11,12, 13} of H (as Hy_,14 would be stuck at vertex 5), Thus |B| > 2. Four
cases arise as per number of decreasing arcs in H (other than (14,6) and

(9,1)), i.e., |B\ {(14,6),(9,1)}.

Case 1. If |B\ {(14,6),(9,1)}| = 4, then (10,2), (11,3), (12,4), (13,5) €
B, which implies d=(2) = d~(3) = d~(4) = d~(5) = 1 in H. But then
Hi_,14 cannot go beyond vertex 1, so it would be stuck at vertex 1.

Case 2. If |B\ {(14,6),(9,1)}| = 3, then four subcases arise.

1. (10,2), (11,3), (12,4) € B.

Then clearly (1,5) € A(H), but then H would be stuck at vertex 2.
2. (10,2), (11,3), (13,5) € B.

Then Cleary, (1,4) € A(H), but then H would be stuck at vertex 2.
3. (10,2), (12,4), (13,5) € B.

Then H cannot go beyond vertex 1, so it would be stuck at vertex 1.
4. (11,3), (12,4), (13,5) € B.

Then Cleary, (1,2) € A(H), but then H would be stuck at vertex 2.

Case 3. If |B\ {(14,6),(9,1)}| = 2, then six subcases arise.

1. (10,2), (11,3) € B.
Clearly, (2,5) € A(H), which implies (1,4) € A(H) = (3,7) € A(H) =
(4,8) € A(H) = (5,9) € A(H) = (6,10) € A(H). But then H would
be stuck at vertex 7 (otherwise we would have a shorter circuit).

2. (10,2), (12,4) € B.
Clearly, (2,3,7) and (1, 5,8) is a path in H. But then H would be stuck
at vertex 4.

3. (10,2), (13,5) € B.
Clearly, (1,4) € A(H), which implies (2,3,7) is a path in H = (4,8) €
AH) = (5,9) € A(H) = (6,10) € A(H) = (7,11) € A(H) =
(8,12) € A(H). But then H would be stuck at vertex 12 (otherwise
we would have a shorter circuit).

4. (11,3), (12,4) € B.
Clearly, (1,2,5,8) is a path in Hy_14 and (3,7) € A(H). But then H
would be stuck at vertex 4.

5. (11,3), (13,5) € B.
Clearly, (1,2) € E(H1—14), but then Hy_,14 would be stuck at vertex
2.
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6. (12,4), (13,5) € B.
Clearly, (1,2,3,7) is a path in Hy_,14, which implies (4,8) € A(H) =
(5,9) € A(H) = (6,10) € A(H) = (7,11) € A(H), but then H would
be stuck at vertex 8 (otherwise we would have a shorter circuit).

Case 4. Tf |B\ {(14,6),(9,1)}] = 1, then four subcases arise.

1. (10,2) € B.
Since (14,6), (9,1) € E(H14-1), so clearly, (6,9) ¢ E(Hy4—1), (other-
wise Hi_14 = P1_10U(10,2)UP>_,14, where P;_.19 should be (1,4, 7,10),
but then P>_.14 would be stuck at vertex 3). Since (6,9) ¢ E(H4—1), S0
(10,2) € E(Hy4—1), which implies (2,3) € E(H14—1). Clearly, Hi4—,1 =
(14, G)UPGHH)U(].O, 2)UP2*,9U(9, 1), where P6~>1() = (67 7, ].0) or (6, ].0)
For Ps_,10 = (6,7,10), we cannot find any path P,_,9 such that Hy4.;
would use at most three consecutive vertices. Thus Ps_19 = (6, 10),
and in this case P,_.g would be (2,3,4,8,9). But then Hy_.14 would be
stuck at vertex 5.

2. (11,3) € B.
Since (14,6), (9,1) € E(Hi4—1), so clearly, (6,9) ¢ E(H14—1) (other-
wise H1H14 = Plﬁllu(].l, 3)UP3*,14, where Pli,ll should be (1, 2, 5, 8, 11),
but then P3_,14 would be stuck at vertex 10, because otherwise some
vertices would be lost). Since (6,9) ¢ E(Hy4-1),s0 (11,3) € E(Hy4-1),
which implies Hy_14 = (1,2,5,8,12,13,14). But since Hy4_1 = (14, 6)U
Ps_11U(11,3) U P39 U(9,1), we cannot find a path Ps_g as it would
be stuck at vertex 7.

3. (12,4) € B.
Since (14,6), (9,1) € E(Hi4—1), so clearly, (6,9) ¢ E(Hy14—1) (other-
wise Hy14 = P12 U (12,4) U Py_,14, where (4,5,8,11) should be a
path in P, .14, but this path would be stuck at vertex 11 because oth-
erwise vertex 13 would be lost). Since (6,9) ¢ E(H4-1), so (12,4) €
E(H14_)1). Clearly, H14_,1 = (14, 6) U P6_,12 U (12,4) U P4_,9 U (9, 1),
then Ps_,12 must be (6,7,11,12) (otherwise Hy4—,1 uses more than three
consecutive vertices), but then we cannot find any path Py_.9 such that
Hy4_.1 would use at most three consecutive vertices.

4. (13,5) € B.
Since (14,6), (9,1) € E(H14—1), so clearly, (6,9) ¢ E(H14—1) (other-
wise Hi_,14 = P1H13U(13, 5)UP5H14, where P5_,14 should be (5, 8,11, 14),
but then P;_,13 would be stuck at vertex 10, because otherwise vertex 12
would be lost). Since (6,9) ¢ F(Hi4—1), 50 (13,5) € E(Hy4—1). Clearly,
H14_>1 = (14, 6)UP6_,13U(13, 5)UP5_>9U(9, ].) Here Pﬁ_,lg = (6, 10, 13)
or (6,7,10,13) and P59 = (5,8,9) or (5,9). If Ps_13 = (6,10,13) and
Ps_9 = (5,8,9), then (1,2,3,4,7,11,12) would be a path in Hy_,14. If
Ps_13 = (6,10,13) and P59 = (5,9), then (1,2,3,4,7,8,11,12) would
be a path in Hy_14. If Ps_13 = (6,7,10,13) then Ps_g must be (5,9)
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(otherwise Hy4—,1 would use more than three consecutive vertices), then
(1,2,3,4,8,11,12) would be a path in Hy_,14. But in each case Hi_14
would be stuck at vertex 12.

A contradiction occurs in each case, hence Ty4(1, 3, 4; 8) is non-hamiltonian.
This finishes the proof a

Theorem 11. T,,(1,3,4;9) is hamiltonian for all n different from 15.

Proof. Claim 1. Ti2(1,3,4;9) is hamiltonian.

Indeed, a hamiltonian circuit in T12(1,3,4;9) is (1, 2, 6, 7, 11, 12, 3, 4,
5,8,9, 10, 1), see Fig. 33.

Fig. 33.

Claim 2. For n € {10, 11, 13, 14, 16, 17, 20, 23}, T,,(1, 3,4; 9) has a hamil-

tonian circuit containing the arc (n — 2, n — 1).

Indeed T10(1, 3,4;9) has the hamiltonian circuit T19(1;9). In T71( 1, 3,
4; 9) the circuit (1, 5, 6, 7, 11, 2, 3, 4, 8, 9, 10, 1) is hamiltonian, in T15(1,
3, 4; 9) the circuit (1, 2, 3, 6, 7, 8, 11, 12, 13, 4, 5, 9, 10, 1) is hamiltonian,
in T14(1, 3, 4; 9) we find the hamiltonian circuit (1, 2, 3, 4, 7, 8, 11, 12, 13,
14, 5, 6, 9, 10, 1), in Ty¢(1, 3,4;9) the hamiltonian circuit (1, 2, 3, 4, 5, 8,
11, 14, 15, 6, 9, 12, 13, 16, 7, 10, 1), in Ty7(1,3,4;9) the circuit (1, 2, 3, 4,
5,6, 7, 11, 12, 13, 14, 15, 16, 17, 8, 9, 10, 1), in Tho(1,3,4;9) the circuit
(1,4, 5, 8,09, 12, 13, 14, 15, 16, 17, 18, 19, 20, 11, 2, 3, 6, 7, 10, 1), and in
Ts3(1,3,4;9) the circuit (1, 4, 5, 8, 9, 12, 13, 16, 17, 18, 21, 22, 23, 14, 15,
19, 20, 11, 2, 3, 6, 7, 10, 1) (see Figs. 34-40).
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Fig. 34.
Fig. 35.
Fig. 36.
o i)
- C (‘“‘)0 ’
Fig. 37.

12
1011 13714 15 16 0177 18 19 720

Fig. 39.
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Fig. 40.

Starting from the above values of n € {10, 11, 13, 14, 16, 17, 20, 23},
we succesively extend a hamiltonian circuit in T5,(1,3,4;9) containing the
arc (n —2, n—1) to a hamiltonian circuit in T),4+5(1,3, 4;9) with this same
property by replacing the arc (n — 2, n — 1) with the path

mn=2,n+1,n+2,n+3,n+4,n+5n+6,n+7,n+8 n—1)

Since 10, 11, 13, 14, 16, 17, 20, 23 are representatives in each of the var-
ious rest classes modulo 8, it follows that T,,(1,3,4;9) is hamiltonian for
n = 10, 11, 13, 14 and n > 16. This together with Claim 1 shows that
T, (1,3,4;9) is hamiltonian for all n # 15 . O

4 Toeplitz graphs T,(1,3,4;t) with ¢ > 10
Theorem 12. T,,(1,3,4;t), t > 10, is hamiltonian for all n.

Proof. First we remark that, for any vertex a and b=a+ 5+ 4r; r € N, of
T, (1,3,4;t), there exists a path M,_,; from a to b namely

(a,a+1,a+4,a+5 a+8 a+9,...,0—5b—4,b—1,b)
(see Fig. 41).
a a+l a+d a+s o 138,249 b-5 b-1 b

° L4 “aan ° °
a+2 a+3 a+6 a+7 b-4\ b-3 b-2

Fig. 41.
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Claim 1. Ty+3(1,3,4;t) is hamiltonian.

Indeed T;43(1,3,4;t) has one of the following hamiltonian circuits, de-
pending upon t.
(¢) Ift+ 3= 0mod4, then a hamiltonian circuit is
(1,2,5,6, 7,10, My1_¢43, 3,4, 8,9, Mi3z_ty1, 1), see Fig. 42.

Fig. 42.

(13) If t +3 = 1mod4, then a hamiltonian circuit is
(1, 2, 6, 7, 8, M124,t+3, 3, 4, 5, 9, Ml()g,t+17 1), see Flg 43.

Fig. 43.
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(#31) Ift4+3 = 2mod4, then a hamiltonian circuit is (M7 413, M3_¢11, 1),
see Fig. 44.

Fig. 44.

(iv) Ift+ 32 3mod4, then a hamiltonian circuit is (1, 2, 5, 6, M19—++3,
3,4, 7, Mg_411, 1) , see Fig. 45.

Fig. 45.

Claim 2. Forn e {t+1,t+2,t+4,¢t+5,...,2t—1, 2t + 2}, T,,(1, 3,4;t)
has a hamiltonian circuit containing the arc (n — 2, n —1).

Indeed T;41(1,3,4;t) has a hamiltonian circuit

T (1it) = (1,2, ..., t—1, ¢, t+1,1).
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Ti12(1, 3,4; t) has one of the following hamiltonian circuits, depending upon
t.

(1) If t+2=0mod4, then a hamiltonian circuit is

(1, 5,6, Mygy_1,t+2,2,3, 4,7, Mg_y_3, t, t+ 1, 1), see Fig. 46.

Fig. 46.

(#1) Ift+ 2= 1mod4, then a hamiltonian circuit is

(1,5,6,7, Miyy1,t+2,2,3, 4,8 Mgy 3, ¢, t+1, 1), see Fig. 47.

Fig. 47.
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(#31) If t+ 2 = 2mod4, then a hamiltonian circuit is (1, My—;—1, t + 2,
Mo_y—3,t, t+1, 1), see Fig. 48.

Fig. 48.

(iv) Ift+2 2= 3mod4, then a hamiltonian circuit is (1, 4, 5, Mg_;—1, t+2,
2,3,6, M7_y_3,t,t+1, 1), see Fig. 49.

Fig. 49.

Now for every n € {t+4,t+5, ..., 2t —5, 2t — 4}, T,,(1, 3,4; t) has one of
the following hamiltonian circuits, depending upon ¢ and n.

(1) If 2t — n =2 0mod4, then a hamiltonian circuit is

(1,2, ...,n—t=3, Myp_t—otq3, t+4,t+5, ..., n—2,n—1,n, My_¢ 411,
1), see Fig. 50.
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Fig. 50.

(i¢) If 2t — n = 1mod4, then a hamiltonian circuit is (1, 2, ..., n —t —
1,n—t+2 M,_1y3 43, t+4,t+5, ..., n—2,n—1,nn—-t, n—-t+1,
Mn—t+5—>t+17 1), see Flg 51.

n-t+6

Fig. 51.
(7i1) If 2t — n = 2mod4, then a hamiltonian circuit is (1,2, ..., n —¢ —
I,n—t+3, My_ty4—ty3, t+4,t+5, ..., n—2,n—1,nn—t,n—t+1,

n—t+2, My_ty16-t41, 1), see Fig. 52.

12 net net+2 neted \Det+6 t1

Fig. 52.
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(iv) If 2t — n = 3mod4, then a hamiltonian circuit is
]., 2, ey n—t—l, ’I’L-t-’-?), ’I’L—t+4, n—t—|—5, Mn7t+9~>t+3; t+47 t+

(
5 ...,m—2,n—1,nn—t,n—t+1l,n—t+2,n—t+6, My_117 41,
1), see Fig. 53.

Fig. 53.

To:—3(1,3,4;t) has one of the following hamiltonian circuits, depending
upon t.

(7) If t 2 0mod4, then a hamiltonian circuit is

(1,2 ot =5, b= 26— 1, 642, t+3, Mysr_oe_s, 2t — 5,20 — 4, t —4, 1,
t+4, Miys—ot—6, 2t —3,t—3,t+ 1, 1), see Fig. 54.

Fig. 54.
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(1) If t = 1mod4, then a hamiltonian circuit is

(1,2, ...t =5, t—2t—1,t+2,t+3,t+7, Myygo_s, 2t —5, 2t — 4,
t—4,t, t+4,t+5,t+6, Myy10m9—6, 2t — 3, t—3, t+ 1, 1), see Fig. 55.

2t4  2t-3

Fig. 55.

(7i7) If t =2 2mod4, then a hamiltonian circuit is

(17 2, .., 15,82, 11, t42, Mt+5—>2t—87 2t =5, 2t — 47 t_47 t, Mt+3—>2t—6;
2t —3,t—3,t+1, 1), see Fig. 56.

2t-4  2t-3

Fig. 56.
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(iv) If t =2 3mod4, then a hamiltonian circuit is

(]-v 27 s t— 77 Mt76~>2t78a 2t — 57 2t — 47 t_47 t, Mt+4~>2t767 2t — 3; t—
3,t+1, 1), see Fig. 57.

Fig. 57.

To:—2(1,3,4;t), has one of the following hamiltonian circuit depending upon
t.

(7) If ¢ 2 0mod4, then a hamiltonian circuit is

(1,2, .o t—d t— 1, t+2,t+3,t+7, Myygoor_7, 2t — 4, 2t — 3, t — 3,
t7 t+47 t+57 t+67 Mt+10—>2t—5a 2t_27 t_25 t+1? 1)7 see Flg 8.

2t-3  2t-2

Fig. 58.
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(1) If t = 1mod4, then a hamiltonian circuit is

(1,2, oo t—d, =1, 6412, Myysoer, 2t — 4, 2t — 3, t—3, ¢, Myssors,
20 —2,t—2,t+1, 1), see Fig. 59.

Fig. 59.

(#5i) If t = 2mod4, then a hamiltonian circuit is

(1,2, . t—4, t—1, Mysooy_7, 2t — 4, 2t — 3, t—3, t, Myss_og_s, 2t —2,
t—2,t+1, 1), see Fig. 60.

Fig. 60.
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(iv) If t =2 3mod4, then a hamiltonian circuit is

(1,2, o t— 4t =1, ¢4+2,t+3, Myprogm, 2t — 4, 2 — 3, t— 3, ¢, t +4,
Miys_ot-5,2t—2,t—2,t+1, 1), see Fig. 61.

2t-3 2t-2

Fig. 61.

To:—1(1,3,4;t) has a hamiltonian circuit

(1,2, ..., t—2,t+2,t+3,...,2t—3,2t—2,2t — 1, t — 1, ¢t, t + 1, 1),
see Fig. 62.

Fig. 62.



34 Shabnam Malik

Toi12(1, 3,4; t) has one of the following hamiltonian circuit depending upon
t.

(i) Ift = 0mod4, then a hamiltonian circuit is (1, 4, 5, 6, 9, M1p—¢—1, t+
Sothd, ..., 2241, 2642,t4+2,2 3, 7,8 M1 ,1), see Fig. 63.

Fig. 63.

(1) Ift = 1mod4, then a hamiltonian circuit is (1, 4, 5, 6, 10, M1 _—1, t+
S, tbd4, .. 20 241,242, 42,2,3,7,8,9, Mis_ii1, 1), see Fig. 64.

Fig. 64.

(#4i) If t =2 2mod4, then a hamiltonian circuit is

(I, Myp—q, t+3,t4+4, ..., 2t, 2t + 1,2t + 2, t + 2, Mo_411, 1), see Fig.
65.



Title Suppressed Due to Excessive Length 35

Fig. 65.

(tw) If t =2 3mod4, then a hamiltonian circuit is

(1,4,5, Mg_s—1, t+3,t+4, ..., 2,2t +1, 2t +2, t+2,2, 3, 6, My_411,
1), see Fig. 66.

Fig. 66.

Starting from the above values of n € {t+1, t+2, t+4, t+5, ..., 2t —
1, 2t + 2}, we can extend a hamiltonian circuit in T,,{ 1, 3, 4; t) containing
the arc (n — 2, n — 1) to a hamiltonian circuit in Tpy,—1( 1, 3, 4; t) with
the same property by replacing the arc (n — 2, n — 1) with the path

n—-2,n+1,n+2,n+3,....,n+t—-3, n+t—2,n+t—1,n-1).

Sincet+1,t+2,t+4,t+5, ..., 2t — 1, 2t + 2 are representatives in
each of the various rest classes modulo ¢ — 1, it follows that T,,(1,3,4;t) is
hamiltonian for n = t+1, t+2 and all n > t+ 4. This together with Claim
1 shows that T,,(1, 3, 4;t) is hamiltonian for all n. |
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Conjectures:
1. T,,(1,3,4;t) is non-hamiltonian for n = 1,2,5 mod6 such that n ¢

{5,7}.
2. T,,(1,3,4;t) is non-hamiltonian for n € {12, 13,16, 19, 22}.

3. T15(1,3,4;9) is non-hamiltonian.
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