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Study of obliquely propagating dust acoustic solitary waves
in magnetized tropical mesospheric plasmas with effect
of dust charge variations and rotation of the plasma

A. Mushtaq,a� H. A. Shah, N. Rubab, and G. Murtazab�

Department of Physics, Government College University Lahore, P.O. Box 54000, Pakistan

�Received 18 January 2006; accepted 28 April 2006; published online 12 June 2006�

The characteristics of obliquely propagating Dust Acoustic Waves �DAWs� in rotating and
magnetized dusty plasma in the dayside tropical mesosphere are examined by incorporating
adiabatic dust charge fluctuations. A Korteweg-de Vries equation is derived, which may support a
nonlinear dust acoustic wave on a very slow time scale. The meteoritic dust in mesospheric plasmas
on the dayside is charged positively due to photo- and thermionic emissions. The dynamics of the
DAW with electronic, ionic, thermionic, and photoelectric currents along with obliqueness and
effective gyrofrequency are studied. It is observed that the amplitude of the soliton depends directly
on the obliqueness � and dust charge variation, respectively, while the width is modified inversely
with these parameters. It is also observed that the effective gyrofrequency modifies the width
inversely. © 2006 American Institute of Physics. �DOI: 10.1063/1.2206547�
I. INTRODUCTION

Thousands of millions of interplanetary meteoroids enter
the Earth’s atmosphere daily with initial velocities in the
range of 11.2–72.8 km s−1. While the critical size of the me-
teoroid to become dust depends on the entry velocity, those
with radii typically in excess of about 10 �m produce ob-
servable luminous phenomena �“meteors”�. During their im-
pact with the Earth’s atmosphere, the meteoroids vaporize
and recondense into dust particles suspended in the Earth’s
mesosphere.1

The very first instrument launched to study charged dust
in the tropical mesosphere detected a layer of fine dust
�radius�10 nm� near the mesopause. The dust in the thinner
lower part of the layer carried a negative charge and the dust
in the thicker upper part carried a positive charge.2 The nega-
tive charge on the dust was expected, while the positive
charge was not, because the observation was taken half hour
after local astronomical sunset. The observers sought to re-
solve the problem by suggesting that the positive grains were
still carrying their pre-sunset positive charge acquired by
photoemission. Mendis et al.3 have reinvestigated this phe-
nomenon to explain the positive charge on the upper part of
the layer. They have suggested that micrometeoroids that en-
ter the Earth’s atmosphere at sufficient entry speeds, even on
the night side, acquire substantial positive charges due to
thermionic electron emission high up in the mesospheric re-
gion before they start ablating in the mesopause region. Ac-
cording to 3 the charging equation of a micrometeoroid en-
tering the earth’s atmosphere on its night side is dQ /dt= Ie

+ Ii+ Ith+ Is, where Q is the total charge on the micrometeor-
oid and Ie, Ii, Ith are the electron collection, ion collection,
and thermionic �electron� collection currents, respectively,
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and Is is the ablating �secondary� electron current that has
been introduced because the frictionally heated micromete-
oroid surface evaporates, and the evaporated particles carry
away the accumulated surface charge at a certain rate.
Mendis et al.4 and Sorasio et al.5 have also studied the posi-
tively charged dust grain due to the thermionic emission of
electrons from a fractionally heated meteoroid, as it enters
the Earth’s atmosphere. It may be pointed out that these au-
thors limit their treatment to the night side of the Earth so as
to avoid the role of photoemission while emphasizing the
role of thermionic emission, but our consideration here in
this work is relevant to the Earth’s dayside, where the con-
tribution to the current from photoemission is also taken into
account.

Collective waves in dusty plasmas have attracted a great
deal of attention in recent years. Among them, a new acous-
tic mode �i.e., dust-acoustic wave� on a very slow time scale
of dust dynamics emerged as a result of the balance between
dust grain inertia and plasma pressure.6 Such dust acoustic
waves can easily become highly nonlinear.7 It has recently
been shown by several authors that these nonlinear waves
can form solitons of either positive or negative electrostatic
�ES� potential.6,8–10 It has also been shown theoretically and
observed experimentally that dust charge fluctuations intro-
duce new eigenmodes11–16 both in the linear and nonlinear
regimes. In plasmas with positive dust particles, the electron
density would be larger than that of ions, and different types
of instabilities and waves are likely to occur.17,18 Plasmas
with positive charged particles occur widely in space and
also in the Earth’s mesosphere.19,20

In this paper, we present an analytical model for ob-
liquely propagating DAWs in a rotating magnetized dusty
plasma with adiabatic dust grain charge variations in the day-
side tropical mesospheric region. We employ the reductive
perturbation technique to derive the Korteweg-de Vries

�KdV� equation for these waves. Finally, we discuss the ef-
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fects of obliqueness and effective gyrofrequency on the dy-
namics of this wave.

II. BASIC EQUATIONS

Consider a one-dimensional, rotating magnetized elec-
tropositive dusty plasma whose constituents are Boltzmann-
distributed electrons and ions, and cold dust grains having
charge fluctuation. The external magnetic field is directed
along the x axis, i.e., B0=B0x̂ and the plasma is taken to be
rotating along the magnetic field due to the Coriolis force
with a rotational frequency �0. The normalized basic equa-
tions for low phase velocity DAWs are as follows.

The continuity equation:

�nd

�t
+ � · �ndvd� = 0. �1�

The equation of motion in a frame rotating with angular
frequency �0 can be written as

�vd

�t
+ �vd · ��vd = − �1 + �Q��� + �1 + �Q��cd�vd Ã x̂�

+ 2�o�vd Ã x̂� �2�

and the Poisson’s equation

�2� = �e� + �1 − ��e−�� − �1 + �Q�nd. �3�

In deriving these equations, we use the charge neutrality
condition eni0=ene0−Qd0nd0, where Qd0�=Zd0e� is the dust
charge at equilibrium, �Q is the perturbed part of the nor-
malized dust charge Qd, i.e., Qd=1+�Q, Zd0 is the number
of charged particles on the dust surface at equilibrium, and
nj0 is the equilibrium number density of the jth species here,
j=e , i ,d �electron, ion, dust�. The number density nj is nor-
malized by equilibrium density nj0. The dust fluid velocity vd

and electrostatic wave potential � are normalized by dust
acoustic speed csd= �Zd0Te /md�1/2 and Te /e, respectively. The
dust charge Qd is normalized by the equilibrium value Qd0.
The rotational frequency � and the dust gyrofrequency
�cd=Zd0eB0 /mdc are normalized by dust plasma frequency
�pd=��4�nd0Zd0

2 e2 /md�. The space and time coordinates
are normalized, respectively, by Debye length,
	D=�Te /4�Zd0nd0e2 and the dust plasma period �pd

−1. We
note that �=Ti /Te, where Te�Ti� is the electron �ion� tem-
perature, �=1/ �1− p� and p=ni0 /ne0.

We assume that dust sized micrometeoroid is charged
positively when it enters the earth’s atmosphere on the day
side. So for Qd
0 the normalized dust charging equation is

�pd

�ch
�t�Q =

Ie + Ii + Ith + Ip

Zd0e�ch
. �4�

Here Ie, Ii, Ith are the electron collection, ion collection,
and thermionic �electron� collection currents, respectively.
Here Ip is the photoelectric current of electrons emitted from
the dust grain surface due to the action of solar radiation. The
normalized expressions of these currents for spherical dust

3,5,21
grain of radius rd are
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Ie = − Jene�1 + zQd� ,

Ii = Jini exp�− �zQd� ,

�5�
Ith = Jth�1 + �zQd�exp�− �zQd� ,

Ip = Jp exp�− zQd� ,

where Jl=4�rd
2e�l �l=e , i , th, p�, �=Te /Td, =Te /Tp �Tp

is the average temperature of the grain during the
photoemission process�. Here �e=ne0�Vthe /�2��,
�i=ni0�Vthi /�2��e−�z, �th=�2/��meTe /2��2�3/2Vthe

exp�−Wf /Td−�z�, �p�=JpY /4�exp�−z� are the coefficients
due to Ie, Ii Ith, and Ip currents, respectively. In the expres-
sions of �th and �p, Wf denotes the work function of dust
material, Jp is the photon flux, Yp is the yield of
photoelectrons, and h is Plank’s constant. Also,
z=eQd0 /4��0rdTe denotes the nondimensional dusty plasma
parameter. In expression �4� �ch=�o��2z�th exp�−�z�
+�p exp�−z�+�e+��i exp�−�z��, is the dust-charging fre-
quency, with �0=4�rde2 /kBTe.

We are interested in dust perturbations in mesospheric
plasmas which lead to soliton formation. KdV solitons are
formed as a balance between the nonlinearity and dispersion
effects. However, in the present context of a complex plasma
we take into account the dust grain charging processes,
which are faster �typically of the order of 10−8 seconds� than
other characteristic processes �tens of milliseconds for mi-
crosized dust grain� of the DA wave formation and propaga-
tion. Therefore on a hydrodynamic time scale, the dust
charge quickly reaches local equilibrium, which means that
the dust grain charge will be fixed in each point of the DA
soliton and determined there by the plasma parameters at this
point. Thus, at different points of the soliton the dust grain
charges will be, in general, different. It follows that
�pd /�ch�0, and this reduces the current balance
equation22,26,27 to

Ie + Ii + Ith + Ip � 0. �6�

In this case the dust charge instantaneously reaches its
equilibrium value at each space-time point determined by the
local electrostatic potential ��r , t� and hence does not give
rise to any dissipative effect, and this is known as adiabatic
dust charge variation. Equation �6�, in terms of �Qd and �,
can be written as

�th�1 + �z �Q�e−�z �Q + �pe−z �Q − �ee
��1 + z �Q�

+ �ie
−��e�−�z �Q� � 0. �7�

In order to examine the dynamics of finite amplitude
obliquely propagating dust acoustic wave in the presence of
adiabatic dust charge variation, we derive an evolution equa-
tion from Eqs. �1�–�3� and Eq. �7� by employing the reduc-
tive perturbation technique that entails the introduction of
stretched coordinates, �=�1/2�lxx+ lyy+ lzz−	t� and �=�3/2t,
where � is a small parameter characterizing the strength of
the nonlinearity, 	 is the normalized solitary wave velocity,

and lx, ly, and lz are the direction cosines of the wave vector
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k along the x, y, and z axis, respectively, so that lx
2+ ly

2+ lz
2

=1. The dependent variables are expanded as

� = ��0� + �
i=1

�

�i�i,

where ���nd ,vdx ,� ,�Q�T and ��0�= �nd0 ,vdx0 ,�0 ,�Qd0�T

= �1,0 ,0 ,0�T, while transverse velocities are expanded as

vds = �
�=2

�

���+1�/2vs��−1�.

Here s=y ,z, applying the perturbation scheme given pre-
viously to Eqs. �1�–�3� and Eq. �7� and then collecting terms
of different powers of �. In the lowest order we obtain
v1x= �lx /	��1, nd1= �lx /	�2�1, �Q1=−�1�1, v1z

=�c
−1ly���1 /��� and v1y =−�c

−1lz���1 /���. Here �1= ��e�z
+1�+�i�� /z��2z�th+�p+��i+�e� is the coefficient due to
dust charge fluctuation in the linear regime and �c= ��cd

+2�0� is the effective gyrofrequency due to Lorentz and
Coriolis forces. Combining these results with lowest order
terms of the Poisson equation given by Eq. �3�,

	 =
lx

�� − ��1 − �� + �1

. �8�

The previous expression is the linear dispersion relation
and 	 is the normalized linear phase velocity of the DAW,
which is modified due to the dust charge variation �1 and
obliqueness � with respect to the external magnetic field B0.
For � and �1=0, we get the relation �17� of 23 in the limit
�k2	D

2 �1�. It is shown in Fig. 1 that for given values of �i

and �e the phase velocity 	 is higher in the presence of
photoelectric and thermionic currents. Generally the effect of
positive dust charge variation appears to decrease the wave
velocity whatever the changes occur in other parameters. We
also note that as obliqueness � increases the phase velocity

decreases.

and is given by
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In the next order �	�2� we obtain from Eqs. �1�–�3� and
Eq. �7� the following:

− 	
�v1y

��
− �cv2z = 0,

− 	
�v1z

��
+ �cv2y = 0,

�9�
�2�1

��2 − 
�� − ��1 − �� + �1��2 − nd2

+ ��2 +
1

2
� +

�2

2
�1 − ����1

2 + �1nd1�1 = 0,

�Q2 + �1�2 + �2�1
2 = 0,

where the coefficient �2 is due to dust charge variation and is

FIG. 1. Linear dependency of phase velocity 	 on z for different values of
coefficients �th and �p.
given by
�2 =
�e�z + 1 − 2�1z� + �i�2�1z − 1 − z2�1

2��2 + �th��2z2 − �3z3��1
2 − �p2z2

2z��e + ��i + �2z�th + �p�
,

and from terms of order �5/2 we obtain the following set of
equations:

− 	
�v2x

��
+ lx

��2

��
= −

�v1x

��
− lxv1x

�v1x

��
− lx �Q1

��1

��
,

�10�

− 	
�nd2

��
+ lx

�v2x

��
= −

�nd1

��
−

�

��
�v1xnd1� − ly

�v2y

��
− lz

�v2z

��
.

By eliminating quantities with subscript 2 and terms
containing v1y and v1z from Eqs. �9� and �10�, we get the
nonlinear KdV equation in terms of electrostatic potential
��1

��
+ A�1

��1

��
+ B

�3�1

��3 = 0, �11�

where the coefficients A and B are given by

A =
lx

�� − � + �� + �1�1/2 �3�� − � + �� + �1� − �1

− �� − � + �� + �1�−1�2�2 + � + �2 − �2��� ,

B =
lx

2�� − � + �� + �1�3/2�1 +
1 − lx

2

�2 �.

c
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The steady state solution of the KdV equation �Eq. �11��
is obtained by transforming the independent variables � and
� into new coordinate �= ��−V0��, where V0 is a constant
velocity normalized to csd. Following24 the steady state solu-
tion of Eq. �11� is given by

�1 = �m sech2��� − V0��/w� , �12�

where the normalized maximum amplitude �m and the width
w are

�m = �3V0

A
� ,

�13�

w =�4B

V0
.

The previous results can be used to find an expression
for n1 and v1x, which are

nd1 = nm sech2��� − V0��/w� ,

�14�
v1x = vm sech2��� − V0��/w�.

Here nm= �lx
2 /V0

2��m and vm =
lx

V0
�m are, respectively, the

peak soliton dust density and peak soliton x component of
dust velocity. The soliton energy �s can be calculated by
using the integral �s=�−�

� v1x
2 ���d�. By substituting v1x from

Eq. �14� in this integral we obtain for the soliton energy

�s = 4
3um

2 w. �15�

From the expressions of �m and w, it is clear that as V0

increases the soliton amplitude increases, but the width de-
creases. It is obvious from Eq. �12� that there exists compres-
sive �rarefactive� solitary waves if A
0 �A�0�. We have
numerically analyzed �m and w for parameters correspond-
ing to mesospheric dusty plasma parameters2,5,25 with
rd	�1−10� nm, nd0=103 cm−3, wf 	2−5 eV, Te�Ti

=0.022 eV. A 1 nm dust mass is 5000 amu, Zd0	100–500,
z�=Zd0e2 /rdTe� lies in the range −1.5 to −2.5 for positively
charged dust, and Tp	1–2 eV. Values for some parameters
are taken arbitrarily, i.e., u0=1, �cd=0.1, �0=0.01, lx=0.1.
We found that for the above mentioned parameter values A

0; thus �m is always positive �see Fig. 2�. This means that
for the dusty plasma parameters that we have considered
supports only compressive solitary waves �solitary waves
with �m
0�, which is in agreement with Ref. 26 for a two
component dust-electron plasmas induced by ultraviolet irra-
diation, and with positively charged dust case in the work by
Kopnin et al.,27 in which the different soliton profiles related
to different signs of the dust charge have been investigated.
In the calculation of Ref. 27, Kopnin et al. have studied the
positively charged dust case with three currents �electronic,
ionic, photoelectric� in an unmagnetized mesospheric plas-
mas. But in our case we have additionally investigated the
effect of thermionic emission in a magnetized plasma. In our
case we obtain a larger amplitude soliton as compared to

those in Ref. 27, and this is may be due to the additional

Downloaded 30 Apr 2013 to 18.7.29.240. This article is copyrighted as indicated in the abstract. Re
thermionic current. Figure 2 and Eq. �14� show that due to
dust charge variation, the amplitude of the soliton increases,
whereas their width decreases.

It should be noted here that the perturbation method,
which is only valid for a small but finite amplitude limit, is
not valid for the large propagation angle, � �which makes the
wave amplitude large enough to break the condition 1��n1�.
We also note that as we decrease lx, i.e., increase the angle
between magnetic field �B0� and propagation vector k, the
amplitude of the soliton increases, whereas its width de-
creases for �c� �1− lx� and increases for �c� �1− lx�, while
for small values of � the amplitude of the soliton decreases.
A decreasing soliton amplitude may therefore be attributed to
the decreasing soliton energy, which may be possible due to
the reflection of ions and positively dust particles from the
electrostatic field generated inside the plasma. Another rea-
son for the decrease of the soliton amplitude may be due to
the wave particle energy exchange mechanism, the calcula-
tions of which are possible from kinetic theory and are be-
yond the scope of the present work.

It is seen that the effective gyrofrequency �c has no
direct effect on the amplitude of the solitary waves. How-
ever, it does have an effect on the width of these solitary
waves. It is shown that as we increase the effective gyrofre-
quency, the width of the soliton decreases, which in turn
increases the amplitude and hence the soliton energy. It
means that the effective gyrofrequency makes the solitary
structures more spiky.

To summarize, we have investigated the properties of
DAW with an adiabatic dust charge fluctuation in general
and thermionic and photoelectric currents in special, in a
magnetized rotating mesospheric plasma. We have also dis-
cussed the effect of the obliqueness of propagation and ef-
fective gyrofrequency on the dynamics of this wave. It is
observed that for given parameter values with mesospheric
dusty plasma, DAW admits the compressive soliton struc-
ture. Dust charge variations modify the soliton amplitude
directly and width inversely. Effective gyrofrequency
�c�=�cd+2�0� is inversely proportional to the width of the
soliton and hence makes the soliton more energetic and spiky

FIG. 2. Effect of dust charge variation on soliton potential � as a function of
�. Bold curve for low values, Dashed curve for intermediate values. Solid
curve for higher values of all �’s.
as the effective gyrofrequency increases. Rotating magne-
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062903-5 Study of obliquely propagating dust¼ Phys. Plasmas 13, 062903 �2006�
tized plasmas along with variable charging currents are be-
lieved to exist in planetary magnetospheres of Jupiter
and Saturn,28 rotating interstellar clouds, and dusty
magnetoplasmas,29 and of course the tropical mesosphere.
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