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The parametric decay instability of Alfvén wave into low-frequency electrostatic dust-lower-hybrid
and electromagnetic shear Alfvén waves has been investigated in detail in a dusty plasma in the
presence of external/ambient uniform magnetic field. Magnetohydrodynamic fluid equations of
plasmas have been employed to find the linear and nonlinear response of the plasma particles for
this three-wave nonlinear coupling in a dusty magnetoplasma. Here, relatively high frequency
electromagnetic Alfvén wave has been taken as the pump wave. It couples with other two
low-frequency internal possible modes of the dusty magnetoplasma, viz., the dust-lower-hybrid and
shear Alfvén waves. The nonlinear dispersion relation of the dust-lower-hybrid wave has been
solved to obtain the growth rate of the parametric decay instability. The growth rate is maximum for
small value of external magnetic field Bs. It is noticed that the growth rate is proportional to the
unperturbed electron number density noe. © 2010 American Institute of Physics.
�doi:10.1063/1.3460344�

I. INTRODUCTION

The nonlinear parametric instabilities1–3 have attained a
great attention during past several decades and thoroughly
investigated by the wave-wave interactions in plasmas. In
recent years, dusty plasmas4–9 have achieved a great impetus
on account of the discovery of a number of fundamental
modes, viz., dust acoustic wave, dust-lower-hybrid wave
�DLHW�,10–14 shear Alfvén wave �SAW� �Ref. 15�, etc., in
dusty magnetoplasmas. Alfvén waves, the low frequency
magnetohydrodynamic waves, are the most common type of
waves found in the universe.16,17 Basically, these waves are
generated whenever the magnetic field lines are disturbed.

Magnetized space plasmas such as protostellar disk, mo-
lecular clouds, cometary plasmas, and stellar atmospheres
support strong hydromagnetic perturbations in the form of
Alfvén and magnetoacoustic waves.18,19 Alfvén waves com-
municate information about the changes in magnetic field
topologies and are especially important in the dynamics of
magnetic reconnection. For example, changes in the auroral
current magnitude and spatial configurations, or changes in
the magnetospheric configuration, propagate due to Alfvén
waves. Recently, rather unexpected “anomalous” ion heating
has been observed during “compressional” Alfvén high har-
monic fast waves heating in a controlled laboratory setting
on the National Spherical Torus Experiment �NSTX�.
Through the three-wave interaction process, the energy of
the Alfvén waves can be converted efficiently into the bulk
ion species even when the Alfvén waves are not normally
expected to damp.20–24

So far no studies have been done on the generation of
electromagnetic waves off dusty plasma modes. In this paper,
we have made a thorough investigation of parametric
instability of the usual compressional Alfvén wave, by the
electrostatic dust-lower-hybrid wave and the generation of

electromagnetic shear Alfvén wave in a dusty magneto-
plasma.

In Sec. II, we have solved the fluid equations of homo-
geneous dusty magnetoplasma in order to achieve the pon-
deromotive force and the coupling coefficient. In Sec. III, the
nonlinear dispersion relation for the low frequency electro-
static dust-lower-hybrid wave has been derived. The disper-
sion relation, then, has been used to obtain the growth rate of
dust-lower-hybrid wave. A numerical calculation of the
growth rate of three wave parametric instability has been
plotted with the typical parameters in interstellar and mag-
netosphere environments in Sec. IV. A brief discussion of the
result has been presented in Sec. V.

II. NONLINEAR DISPERSION RELATION

We consider the propagation of a right-handed circularly
polarized transverse Alfvén wave �pump wave� in a low tem-
perature collisionless homogeneous dusty plasma in the pres-
ence of external static magnetic field, Bs � ẑ �Ref. 25�,

Eo = �x̂Eox + ŷEoy�exp�− i��ot − koz�� , �1�

Eoy = iEox, �2�

Bo = cko � Eo/�o, �3�

ko = ��o/vA� , �4�

vA = c�ci/�pi, �5�

where �o ,ko are angular frequency and wavenumber, �pi

= �4�e2nio /mi�1/2 is the ion plasma frequency, �ci=eBs /mic
is the ion cyclotron frequency, and vA is the Alfvén speed; e,
mi, nio, and c being the electronic charge, ion mass, ion num-
ber density at equilibrium, and velocity of light in a vacuum,
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respectively. The propagating Alfvén wave possesses an os-
cillatory magnetic field, Bo=cko�Eo /�o, which lies in the
XY-plane.

We assume that the dusty plasma consists of electrons,
ions, and dust particles. Electrons and ions are magnetized
while the relatively massive and charged dust grains are as-
sumed to be unmagnetized. In the presence of the pump
Alfvén wave, electrons and ions acquire linear oscillatory
drift velocities

voj� =
qj�Eo� � �cj − i�oEo��

mj��cj
2 − �o

2�
, �6�

where j stands for electrons and ions.
On account of the hybrid motion of the magnetized elec-

trons and ions and the unmagnetized dust particles, a low-
frequency dust-lower-hybrid wave will be generated. This
low-frequency electrostatic mode propagating nearly perpen-
dicular to the static �ambient� magnetic field Bs is taken as
perturbation �� ,k� and produces an electromagnetic scat-
tered sideband shear Alfvén wave ��1 ,k1� satisfying the
phase matching conditions

�o = � + �1,

�7�
ko = k + k1.

The generated sideband in turn interacts with the pump
��o ,ko� to produce a low-frequency ponderomotive force
which amplifies and drives the low-frequency perturbation
and the sideband.

The response of the plasma particles to this three-wave
parametric process is governed by the fluid equations of
plasmas26

�v

�t
+ �v · ��v =

qE

m
+ v � �c, �8�

�n

�t
+ � · �nv� = 0, �9�

where q=−e for electrons and q=e for ions and �c

=qBs /mc. Expressing27

E = Eo��o,ko� + E��,k� + E1��1,k1� ,

B = cko � Eo/�o + ck1 � E1/�1,

�10�
v = vo��o,ko� + v��,k� + v1��1,k1� ,

n = no
o + no��o,ko� + n��,k� + n1��1,k1� ,

Eq. �8� yields the linear velocities. Taking common notation
of q and m for electron and ion, the equation of motion for
the perturbation �� ,k� can be written as

�v

�t
=

qE

m
+ v � �c + Fp, �11�

where the ponderomotive force is given by

Fp =
i

2
�k1 · vo�v1

� −
i

2
�ko · v1

��vo +
q

2m�1
vo � �k1 � E1

��

+
q

2m�o
v1

� � �ko � Eo� . �12�

Here, the asterisk “�” denotes complex conjugate of a quan-
tity involved. The ponderomotive force for electrons/ions
parallel to the magnetic field becomes

Fpz =
q2

2m2Eo� � �c · E1�
� � k1�

�1��c
2 − �o

2�
−

ko

�o��c
2 − �1

2��
− i

q2

2m2Eo� · E1�
� � k1��o

�1��c
2 − �o

2�
−

ko�1

�o��c
2 − �1

2�� .

�13�

Obviously, the parallel ponderomotive force on electron
is larger than that on ions. Using Eqs. �8� and �9�, we obtain
the linear and nonlinear density perturbation as

nL = −
k2�

4�q
� , �14�

nNL =
inoq2k�

2

2m2�2 	Eo� � �ce� k1�

�1��ce
2 − �o

2�

−
ko

�o��ce
2 − �1

2�� − iEo�� k1��o

�1��c
2 − �o

2�

−
ko�1

�o��c
2 − �1

2��
 · E1�
� , �15�

� =
k�

2

k2

�p
2

�c
2 − �2 −

k�
2

k2

�p
2

�2 . �16�

The nonlinear current density at ��1 ,k1� can be written as

J1
NL =

1

2
n�qvo

L,

=
− �k2��q2

8�m
�Eo� � �c − i�oEo�

�c
2 − �2 � . �17�

Substituting Eqs. �14�–�17� into Poisson’s equation and
the wave equation, we obtain

�� = 4�qene
NL/k2, �18�

D=1 · E1 =
4�i�1

c2 J1
NL, �19�

where

D=1 = k1
2I= − k1k1 −

�1
2

c2 �1= , �20�

where I= is the unit dyadic and �1= is given by
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�1= =

1 −

�pe
2

�1
2 − �ce

2

i�pe
2

�1
2 − �ce

2

�ce

�1
0

−
i�pe

2

�1
2 − �ce

2

�ce

�1
1 −

�pe
2

�1
2 − �ce

2 0

0 0 1 −
�pe

2

�1
2 − �ce

2

� .

�21�

Eliminating � from Eqs. �18� and �19� with straightfor-
ward calculations, we finally obtain the nonlinear dispersion
relation for the low-frequency perturbation in the presence of
the pump Alfvén wave as28

� =
�

�D=1�
, �22�

where the coupling coefficient is

� =
�pe

2 �voy�2�o
2�1�ce�k�

2�2��ce
2 − �o

2�

� 	�ce� k1�

�1��ce
2 − �o

2�
−

ko

�o��ce
2 − �1

2��
− � k1��o

�1��c
2 − �o

2�
−

ko�1

�o��c
2 − �1

2��

� ��k1x

2 −
�1

2

c2 �1zz��k1
2 −

�1
2

c2 �1yy�
+

�1
2

c2 �1yx�k1x
2 −

�1
2

c2 �1zz�� . �23�

After substituting Eq. �21� into Eq. �23�, the coupling coef-
ficient becomes as

� = −
�voy/c�2�pe

2 �o
2�1

3�k�k1
2

2c2�2�ce
2

��1 −
�1

2

c2k1
2 −

�pe
2 k1�

2

�1
2k1

2 +
�pe

2

c2k1
2 +

�pe
4

�1�cec
2k1

2�
�� k1�

�1
−

ko

�o
� . �24�

The components of the dielectric tensor at ��1 ,k1� are given
by Eq. �21�.

III. GROWTH RATE

In order to obtain the growth of this three-wave paramet-
ric instability, we expand ��� ,k� and D=1��1 ,k1� around the
resonant frequencies

� = � + i	 ,

�1 = �1 + i	 ,

�25�

���,k� = �r��,k� + i	
��r

��
,

�D=1���1,k1� = �D=1�r��1,k1� + i	
� �D=1�r
��1

,

where 	
�. At resonance �r=0 and �D=1�r=0 and Eq. �25�
yields

�	 + 	L��	 + 	L1� �
− �

��r

��

� �D=1�r
��1

� 	0
2, �26�

� �D=1�r
��1

= −
2�1k1

4

c2 �1 +
�pe

2 k1�
2

c2k1
4 +

�pe
2

c2k1
2 +

�pe
6

�ce
2 c4k1

4 − 4
�1

2

c2k1
2

−
�pe

2 �1
2

c4k1
4 − 6

�pe
4 �1

2

�ce
2 c4k1

4 + 3
�1

4

c4k1
4� , �27�

��

��
= 2

�pd
2

�3 �1 +
k�

2

k2

�pi
2

�pd
2 +

k�
2

k2

�pe
2

�pd
2 � . �28�

Using Eqs. �27� and �28� in Eq. �26�

	o

�
=

�voy/c�2�pe
2 �1�o

2�ek�

8�pd
2 �ce

2 �k1

�

� k1�

k1
−

ko�1

k1�o
��1 −

�1
2

c2k1
2 −

�pe
2 k1�

2

�1
2k1

2 +
�pe

2

c2k1
2 +

�pe
4

�1�cec
2k1

2�
�1 +

k�
2

k2

�pi
2

�pd
2 +

k�
2

k2

�pe
2

�pd
2 ��1 +

�pe
2 k1�

2

c2k1
4 +

�pe
2

c2k1
2 +

�pe
6

�ce
2 c4k1

4 − 4
�1

2

c2k1
2 −

�pe
2 �1

2

c4k1
4 − 6

�pe
4 �1

2

�ce
2 c4k1

4 + 3
�1

4

c4k1
4� .

�29�

Now we make numerical calculations of 	o /� as a function of various parameters of interest in the dusty magnetoplasma.
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IV. NUMERICAL RESULTS AND GRAPHICAL
DESCRIPTION

To gain some numerical appreciation of the results of our
theory, we have made calculations of the growth rates for
dust-lower-hybrid �� ,k� wave for the following set of typi-
cal parameters in cgs system: Bs= �3–30��10−6 G,
moi /moe=1836, mod /moi= �104–106�, noe= �100–103� cm−3,
nod=10−7 cm−3, voy /c=10−5, wo=102 s−1, zd= �103–105�,
and scattering angle, �=0−� /2 rad.

The results of our calculations are depicted in the form
of curves in Figs. 1–3. Figure 1 shows the variation 	o /� as
a function of the angle of scattering �. It follows that the
normalized growth rate of the three-wave parametric insta-
bility first increases up to scattering angle � /3 and then de-
creases. It may be described that the phase matching condi-
tions �cf. Eq. �7�� are exactly valid for particular scattering
angle. Otherwise, the pump wave scatters into other possible
modes which are not of our interest in this paper.

Figure 2 illustrates the variation of 	o /� as a function of
the number density noe. It is evident from the figure that the

normalized growth rate increases with increasing the number
density. Curves A, B, and C are for �=� /3, � /4, and � /5,
respectively. Higher number density contributes for larger
energy which in turn results the growth of wave.

Figure 3 shows the nature of variation of 	o /� as a
function of magnetic field Bs. In this case, the behavior of
the curve is found to be sensitive for higher values of Bs. It
is clear from Eq. �6� that an increase of Bs causes to reduce
the oscillatory drift velocities for jth species, which results in
decreasing the growth rate of perturbation �� ,k�.

V. DISCUSSION

In this paper, we have investigated the parametric decay
instability of the Alfvén wave into a low-frequency electro-
static dust-lower-hybrid wave propagating nearly transverse
to the direction of static magnetic field and another electro-
magnetic sideband, viz., the shear Alfvén wave propagating
nearly along the direction of the magnetic field in a cold
dusty magnetoplasma. The hydrodynamic model with static
magnetic field has been employed to obtain linear and non-
linear response of electrons and ions. The dust is assumed to
be charged and unmagnetized.

A ponderomotive force is developed due to beating of
the incident pump wave with generated sideband, to drive
the low-frequency dust-lower-hybrid wave. The overall
growth rate increases up to the certain value of scattering
angle ��=� /3�, between k1 and the magnetic field Bs, and
above this limit it decreases. At the scattering angles for
which growth rate decreases, the pump wave scatters and
becomes broadened that may result in another Alfvén wave
of comparatively low-frequency. It is also observed that the
growth rate is a sensitive function of Bs. Higher growth rate
of electrostatic dust-lower-hybrid wave is achieved for small
values of Bs. On increasing Bs the instability provides some
channel for damping of the dust-lower-hybrid wave. It is also
noticed that the nonlinear growth rate of the parametric in-
stability is proportional to the amplitude of the pump wave,
which affects the stability properties of linear system drasti-
cally, and unperturbed electron number density noe.
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The important contribution of this study is to provide
further physical insight the parametric instabilities in dusty
magnetoplasmas. A numerical calculation of the growth rate
of the three wave parametric instability has been made with
typical parameters in interstellar and magnetosphere environ-
ment.
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