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In the present work, we have discussed the effects of adiabatic trapping of electrons on obliquely

propagating Alfv�en waves in a low b plasma. Using the two potential theory and employing the

Sagdeev potential approach, we have investigated the existence of arbitrary amplitude coupled

kinetic Alfv�en-acoustic solitary waves in both the sub and super Alfv�enic cases. The results obtained

have been analyzed and presented graphically and can be applied to regions of space where the low b
assumption holds true. VC 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4794730]

I. INTRODUCTION

Alfv�en waves have been very actively investigated and

have found numerous applications in laboratory, space, astro-

physical, and fusion plasmas.1,2 Their role in heating, acceler-

ation of particles, and transport of magnetic energy in various

space plasmas is well established. In 1970, Stefant2 pointed

out that if the perpendicular wavelength of the wave is compa-

rable to the ion gyro radius, then the ions do not follow the

magnetic field lines but the lighter electrons due to their

smaller mass and Larmor radius will follow the magnetic field

lines. This subsequently produces a charge separation and

there is a coupling of the Alfv�en wave to the electrostatic lon-

gitudinal mode which leads us to the waves, known as kinetic

Alfv�en waves (KAWs), which have a dispersive character for

oblique propagation.1,2 Charge separation can also occur if

electron inertia is taken into account and if the electron

Larmor radius is comparable to the perpendicular wavelength,

then such waves are called inertial Alfv�en waves (IAWs). The

linear and nonlinear propagation characteristics of both

KAWs and IAWs have been investigated quite thoroughly

over the past few decades. For instance, results from 1D

Vlasov drift-kinetic plasma simulations have revealed how

and where auroral electrons are accelerated along the Earth’s

geomagnetic field. The resulting electron distribution func-

tions have been shown to compare favorably with in situ
observations, demonstrating for the first time, a self-consistent

link between Alfv�en waves and electrons that form aurora.3

The damping/excitation and propagation of Alfv�en waves has

also been suggested to be affected by the presence of dust and

modify the behavior of these low frequency waves in dusty

plasma.4 Very recently, the first ion kinetic simulation of

three-dimensional (3D) nonlinear physics of mode conversion

from a fast-mode compressional wave to KAWs has been

reported that occurs when a large amplitude compressional

mode propagates across a plasma boundary into an increasing

Alfv�en velocity5 and the study has been shown to be relevant

for the Earth’s magnetopause.

The novel idea of using the two potential theory for

Alfv�en waves in a low beta plasma was first introduced by

Kadomtsev in 1965.6 The main idea is that the low beta

assumption allows one to describe the electric field by two

potential fields that produce only shear perturbations in the

magnetic field. Later, Hasegawa and coauthors7,8 investi-

gated the linear and nonlinear Alfv�en waves in an electron-

ion plasma by considering the finite Larmor radius effect.6,7

Yu and Shukla9 investigated the finite amplitude solitary

Alfv�en waves for small but finite b effects. The solitons were

shown to have density humps with an upper limit on the am-

plitude. The work by Hasegawa and coauthors7,8 and Yu and

Shukla9 was further extended to the case of electron-posi-

tron-ion plasma,10 where the existence of solitons was shown

for different values of b and positron concentration. Yinhua

et al.11 studied the KAWs in dusty plasma and reported the

formation of both compressive and rarefactive nonlinear

structures. It was also observed that the density humps were

cusped and narrower by comparison with the dips.

In the present work, we investigate, for the first time, the

effect of adiabatically trapped electrons on the propagation

characteristics of arbitrary amplitude solitary kinetic Alfv�en

waves which is an extension of the work by Yu and Shukla9

where the authors considered Boltzmannian response of the

electrons. The adiabatic trapping of the particles was shown

to be important while investigating the nonlinear characteris-

tics of waves.12 It was seen that adiabatic trapping produced

3/2 power nonlinearity instead of the usual quadratic one

without trapping. Computer simulations13 and experimental

investigations14 confirmed the existence of trapping as a mi-

croscopic phenomenon. The effect of trapping on the propa-

gation characteristics of ion acoustic solitons was

investigated using Maxwellian and non-Maxwellian distribu-

tion functions15,16 and it was seen that solitary dynamics was

considerably modified in both the cases. The effect of trap-

ping on the vortex formation was also investigated and it

was shown that the trapping produced stronger nonlinearities

and the original Hasegawa Mima equation got considerably

modified.17 The effect of adiabatic trapping in degenerate

quantum plasmas has also been investigated and it has been

shown that both rarefactive and compressive solitons may

be formed under different temperature conditions.18,19 In a
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self-gravitating dusty quantum plasma, the trapping has also

been found to play an effective role in the formation of soli-

tary structure.20

The present work is organized in the following manner:

In Sec. II, we present the governing set of equations for the

problem under consideration and also present the linear dis-

persion relation for the coupled Kinetic Alfv�en acoustic

waves. In Sec. III, we present the nonlinear analysis whereas

in Sec. IV, the results are discussed. Finally, in Sec. V, we

recapitulate the main findings of this paper.

II. MATHEMATICAL FORMULATION

In this section, we follow the method outlined in Ref. 6

and introduce two potential fields. As pointed out by

Kadomtsev and briefly in the introduction, the approach is

valid only for low b plasmas. It follows that coupling between

KAWs effectively takes place for a small but finite value of b
such that 1 > b > me=mi. We assume that the variation exists

in the xz plane, where z is the direction of the ambient mag-

netic field. The low b assumption allows us to use the two

potential theories to solve the problem under consideration. In

the two potential theories, we use the two potential fields u
and w to describe the electric field7 given by

Ex ¼ �
@u
@x

; Ez ¼ �
@w
@z
; Ey ¼ 0:

Subsequently, potential fields will produce only shear pertur-

bations in magnetic field,

Bz ¼ B0; Bx ¼ 0:

The relevant field equations are the quasi neutrality condi-

tion, for ions and electron densities

ne ¼ ni ¼ n: (1)

The electrons are assumed to follow the magnetic field lines

since the phase velocity of the wave is much less than the

electron thermal speed, vthe (equivalent to vthe>VA).2

Following,12 we take into account the effect of adiabatic

trapping in a slowly varying potential w. For the shallow

well potential after evaluating the relevant integrals, the total

number density n is given by

n ¼ n0 1þ w
Te
� 4

3�p
w
Te

� �3
2

0
@

1
A: (2)

We note here that the 1st term on the right hand side of

Eq. (2) is the back ground number density and the 2nd term

corresponds to the linear perturbation. The 3rd term is a non-

linear term of power 3/2 and it is this term that is related to the

adiabatic trapping of electrons. Since we deal with a shallow

potential well, the higher order nonlinear terms are neglected

as their contribution is small compared to the w3=2 order term.

We use the fluid equation of motion to describe the ion

dynamics where the ions are considered cold (Ti � Te). The

x-component of the ion velocity may be written as2,7–11

vix ¼ �
mi

eB0
2

@2u
@x@t

: (3)

The parallel equation of equation of ions is given by

@tviz þ vix@xviz þ viz@zviz ¼ �e=mi@z w: (4)

The Ampère’s law for jz (Ref. 7–9) is

@2
x@

2
z ðu� wÞ ¼ l0@t@zðjzÞ: (5)

The ion continuity equation is given by

@tni þ @xðnivixÞ þ @zðnivizÞ ¼ 0; (6)

where vx ; vz, and jz are perpendicular and parallel velocity

components and the parallel current component, respec-

tively. The current density jz is given by9,10

@zjz ¼ e@tne þ e@zðnivizÞ: (7)

It is worth mentioning here that the electron continuity equation

has been used to arrive at Eq. (7). Equations (1)–(7) are the gov-

erning equations of our model. Note that the governing equa-

tions have been derived by neglecting both the nonlinear terms

and the ones that are of order higher than x/Xci� 1.2,6–10

A. Linear analysis

Assuming sinusoidal perturbation and using Eqs. (1)–(7),

we obtain the following generalized linear dispersion relation

for the coupled Kinetic Alfv�en-acoustic waves:2

1� v2
Ak2

z

x2

� �
1� c2

s k2
z

x2

� �
¼ v2

Ak2
z

x2
ks: (8)

Here, ks ¼ k2
xq

2
s ¼ k2

x
c2

s

X2
i

is the coupling parameter and

kz ¼ k cos h; kx ¼ k sin h:

The above relation shows the coupling of the Alfv�en and the

ion-acoustic waves with the coupling parameter ks. It should

be noted here that the coupling between the two waves occur

owing to the inclusion of the parallel motion of ions. If we

set the ion-acoustic factor (2nd factor) on the left hand side

of dispersion relation to unity we get the linear dispersion

relation of KAW2,6,8

x2 ¼ v2
Ak2

z ð1þ ksÞ: (9)

It should be noted here that the above wave reduces to the

shear Alfv�en wave for h¼ 0 whereas it disappears at h¼ p/2.

It is therefore reasonable to conclude that the present investi-

gation holds good for small angles of propagation.

By introducing normalized quantities in the following

manner:

b ¼ 2c2
s

v2
A

ks ¼
c2

s

X2
i

k2
x ¼ K2

x MA ¼
x

kzvA

;

where b is the ratio of thermal pressure to the magnetic pres-

sure, MA is the Alfv�en Mach number which is the ratio of
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wave velocity to the Alfv�en velocity, the linear dispersion

relation for coupled KAW-acoustic wave in dimensionless

form can be expressed as

M2
A ¼

b
2
þ 1þ K2

x

� �
6

b
2
þ 1þ K2

x

� �2

� 2b

 !1
2

2
: (10)

The above dispersion relation describes two modes. The pos-

itive (upper) sign represents the super Alfv�enic, whereas the

negative (lower) sign represents the sub Alfv�enic mode.

III. FINITE AMPLITUDE SOLITARY STRUCTURES

In this section, we proceed to derive the Sagdeev poten-

tial and investigate the conditions necessary for the formation

of solitary structures. In general, we follow the method and

nomenclature developed in Refs. 9 and 10, but develop the

Sagdeev potential when electrons are adiabatically trapped.

We now consider a wave solution which is obliquely

propagating to the ambient magnetic field. Shifting to a co-

moving frame of reference in normalized variables

g ¼ Kxxþ Kzz�Mt; (11)

where normalizing has been done in the following manner:

n ¼ ne

n0

; w ¼ w
Te
; M ¼ v

cs
; K ¼ K

cs

Xi
; t ¼ Xi t :

We can write the governing equations, i.e., Eqs. (3)–(7) as

follows:

n ¼ 1þ wþ a1w
3
2; (12)

where a1 ¼ �
4

3�p

�M
@vz

@g
þ vxKx

@vz

@g
þ vzKz

@vz

@g
¼ �Kz

@w
@g

; (13)

vix ¼ KxM
@2u
@g2

; (14)

2Kx
2Kz

2@4
gðu� wÞ ¼ bðM2@g

2n�MKz@g
2ðnvzÞÞ; (15)

�M@gnþ Kx@gðnvxÞ þ Kz@gðnvzÞ ¼ 0: (16)

By integrating Eqs. (13) and (14) and applying the boundary

conditions,

@gn ¼ 0 ; vx; vz; /; w ! 0 and n ¼ 1 at g!1:

We get

2Kx
2Kz

2@2
gðu� wÞ ¼ b

�
M2ðn� 1Þ � Kz

2nðn� 1Þ
�
; (17)

Kxvx þ Kzvz ¼ M 1� 1

n

� �
: (18)

By putting the value of Kxvx from Eq. (16) in Eq. (11) and

putting n ¼ 1þ a wþ a1w
3
2 in the relation and integrating,

we get

Mvz ¼ Kz wþ a
2
w2 þ 2

5
a1w

5
2

� �
: (19)

Solving the above set of equations simultaneously, we get

�b Kz
2

MA
2

wþ 1

2
w2 þ 2

5
a1w

5
2

� �
þ 2

wþ a1w
3
2

1þ wþ a1w
3
2

0
@

1
A

� 2 Kx
2@gð@gwÞ ¼ 2

MA
2

Kz
2

wþ a1w
3
2

� �

� b wþ 3

2
w2 þ 7

5
a1w

5
2

� �
: (20)

Here, we have used M2 ¼ 2M2
A=b. By neglecting the higher

order terms and keeping terms up to the order of w
3
2, we get

�b Kz
2

MA
2

wþ 2 wþ a1w
3
2

� �
� 2

MA
2

Kz
2

wþ a1w
3
2

� �
þ b w

¼ 2 Kx
2@gð@gwÞ;

� b Kz
2

2 MA
2
þ 1� MA

2

Kz
2
þ b

2

� �
@gw

2 þ 4

5
a1 �

4

5
a1

MA
2

Kz
2

� �
@gw

5
2

¼ Kx
2@gð@gwÞ2: (21)

After integrating, the above equation and using the boundary

conditions, we get

1

2
ð@gwÞ2 þ VðwÞ ¼ 0; (22)

where

VðwÞ ¼ � 1

Kx
2

A w2 þ B w
5
2

� �
: (23)

Here

A ¼ � b Kz
2

4MA
2
þ 1

2
� MA

2

Kz
2
þ b

4
;

B ¼ 2

5
a1 �

2

5
a1

MA
2

Kz
2
:

Equation (22) is in the form of energy integral and describes

the motion of a pseudoparticle in a pseudopotential well

VðwÞ which is known as the Sagdeev potential.14 Note that

the coefficients of Sagdeev potential for the trapped electrons

case is different from the one studied by Yu and Shukla9 for

the Boltzmannian electrons. It is pertinent to mention here

that in order to form the solitary wave structure, the exis-

tence condition demands that A be positive which in turn

gives the following condition on the parallel wave number:

Kz �
MA

2

1

2
þ b

4

� �
þ 1

2
þ b

4

� �2

� b
2

 !1
2

2
6666664

3
7777775

1
2

: (24)
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IV. DISCUSSION OF RESULTS

In this section, we numerically investigate the depend-

ence of the Sagdeev potential VðwÞ vs w for different plasma

parameters. Fig. 1 shows the variation of Sagdeev potential

VðwÞ (Eq. (23)) vs potential w as a function of angle h keep-

ing the other plasma parameters fixed. It has been found that

the depth of the Sagdeev potential decreases with the increas-

ing angle of propagation h but the amplitude of the soliton

increases with the increase in h. Fig. 2 shows the correspond-

ing amplitude and width of the soliton vs the co-moving coor-

dinate g and it is seen that the increasing angle of propagation

enhances both the width and amplitude of the soliton. It is in

the fitness of the situation to mention here that such solitons

are formed only for the sub Alfv�enic mode (i.e., lower sign of

the dispersion relation given by Eq. (9)) as no solitary struc-

ture is formed for the super Alfv�enic mode (i.e., upper sign of

the dispersion relation given by Eq. (9)).

Fig. 3 shows the variation of Sagdeev potential VðwÞ vs

the potential w as a function of plasma b for a fixed value of

propagation angle h, i.e., h¼ p/18. It has been found that the

depth of the Sagdeev potential enhances by increasing the

plasma b and the amplitude of the soliton exhibits the similar

behavior. Fig. 4 shows the corresponding amplitude and

FIG. 2. Solitary wave amplitude w vs the

co-moving coordinate g corresponding

to the Sagdeev potential shown in Fig. 1.

FIG. 1. Variation of Sagdeev potential

VðwÞ vs w for different values of angle

of propagation. The value of plasma beta

is assumed to be 0.2 in this case.
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width of the soliton vs the co-moving coordinate g and it is

seen that the increasing plasma b enhances the amplitude but

mitigates the width of the soliton.

V. CONCLUSION

In this paper, we have investigated the adiabatic trap-

ping in coupled kinetic Alfv�en-acoustic waves in low beta

plasmas. Using the Sagdeev potential approach, we have

studied the existence condition for the formation of the arbi-

trary amplitude solitary wave and have found that the soli-

tons are formed for the sub Alfv�enic mode, whereas no

soliton is formed for the super Alfv�enic mode. We have also

explored the effects of the variation of the obliqueness angle

h and plasma b on the propagation characteristics of the non-

linear solitary structure. The present investigation may be

beneficial in understanding the propagation of solitary

structures in different space environments where trapped

populations of electrons have been observed.
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