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In this paper, linear and nonlinear coupling of kinetic Alfven and acoustic waves has been studied in
a dusty plasma in the presence of trapping and self-gravitation effects. In this regard, we have derived
the linear dispersion relations for positively and negatively coupled dust kinetic Alfven-acoustic
waves. Stability analysis of the coupled dust kinetic Alfven-acoustic wave has also been presented.
The formation of solitary structures has been investigated following the Sagdeev potential approach
by using the two-potential theory. Numerical results show that the solitary structures can be obtained
only for sub-Alfvenic regimes in the scenario of space plasmas. Published by AIP Publishing.

[http://dx.doi.org/10.1063/1.4990700]

I. INTRODUCTION

The importance of nonlinear phenomena in various
branches of plasma physics has led to a great deal of research
to understand them.'™'® The presence of dust grains in an
electron-ion plasma introduces new normal modes in the sys-
tem."* In dusty plasmas, the relatively tenuous electrons and
ions are assumed to be Boltzmannian while the inertia is pro-
vided by the dust particles. The existence of dust-acoustic
waves (DAWSs) in laboratory plasma has been confirmed by
experiments.'>~'® Many studies have discussed the properties
of dusty plasmas.'®%

Dusty plasmas are found in a variety of physical situa-
tions of interest like planetary rings,* asteroid zones, and
Earth’s atmosphere.’® Dust particles in the planetary and
cometary environments have been observed by in situ space-
craft observations.”’ ' The presence of dust grains in many
space/astrophysical regions may also play an important role
in the dynamics of Alfven waves such as in the breaking
down of the ideal MHD fluid approximation.®? It could also
affect the way magnetic flux evanesces in the interstellar
clouds.®® The dust grains can be important in the dynamical
evolution of Alfven waves in dusty plasma since most of the
time the inertial effects of dust are considered.*

Dust has also been observed in fusion devices and
plasma processing in the laboratory plasmas.*~* A theoreti-
cal frame work to understand the propagation mechanism
of dust-acoustic waves (DAWs) was given for the first time
by Rao et al** Shukla and Silin®® investigated the onset
of dust-ion-acoustic waves (DIAWs) in dusty plasma. Dust
acoustic waves in cometary magnetospheres have been
investigated using a kinetic model.*' Later, experiments con-
firmed the presence of these new modes.**** The propaga-
tion of parallel and perpendicular fluid modes has also been
explored in dusty plasmas.** It has been found that the
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spatio-temporal regimes for the propagation of these modes
alter significantly in the presence of massive dust particles.
The presence of the gargantuan dust mass makes it impera-
tive to incorporate the gravitational effects. Numerous stud-
ies*™ that investigate the wave propagation characteristics
in self-gravitating dusty plasmas indicate a constant tug of
war between the electrostatic repulsion among the charged
dust grains and the gravitational self-attraction.

We have also analyzed the positive dust which is found
in the Jupiter’s magnetosphere.*®* Alfven waves have found
several applications in space, laboratory, and astrophysical
plasmas.”*>! The propagation characteristics of Alfven waves
have been observed to modify when the heavy dust compo-
nent gets added to the ordinary electron-ion plasma.”? It has
been found®' that the different behaviors of ions and electrons
give rise to charge separation which leads to coupling of the
Alfven wave with the electrostatic longitudinal mode.

Pioneer work on the two potential theory for Alfven
waves in a low f§ plasma was initiated by Kadomtsev.> Since
Alfven waves are essentially electromagnetic waves, there-
fore, using electrostatic potentials was innovative at that time
and this led Hasegawa and coauthors®* to investigate the
linear and nonlinear Alfven waves in an electron-ion plasma
by using this novel technique with the inclusion of the finite
Larmor radius effect. Yu and Shukla®® deliberated upon the
nonlinear propagation of Alfven waves for finite f§ effects and
found that the system under consideration allowed the forma-
tion of density humps. Nonlinear Alfven solitary structures
were also investigated in electron-positron-ion plasmas’’ and
it was reported that an exact solitary solution exists for small

but finite . Density dips and cusp solitons have been found

ZdHoNdo kg T, )

out in a similar kind of analysis for a low-f, <: 7
0

collisionless dusty plasma.58

Gurevich was the first one to deliberate upon trapping as
microscopic phenomena.’® The behavior of nonlinear ion-
acoustic waves was observed to be altered by the adiabatic
trapping owing to the change in the nature of nonlinearity.®

Published by AIP Publishing.
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The existence of trapping has also been validated by experi-
mental investigations®® and computer simulations.®"*** It has
been shown that the use of thermal as well as non-thermal
trapped distributions modifies the propagation characteristics
of ion acoustic solitons.®*®> Trapping has also been consid-
ered in the study of the nonlinear drift vortex for which the
modified Hasegawa—Mima equation was obtained.®® The
adiabatic trapping plays an effective role in self-gravitating
dusty quantum plasmas.®” The effect of adiabatic trapping
using the two potential theory in a low f plasma has been
investigated for obliquely propagating Alfven waves.*®

In this paper, we consider the coupling of kinetic Alfven
and nonlinear density excitations in a low f dusty plasma
with the inclusion of trapping and self-gravitation effects.
The paper is organized as follows: the basic set of governing
equations to study the linear and nonlinear coupling of dust
kinetic Alfven waves with dust acoustic waves with adia-
batic trapping in a self-gravitating dusty plasma is presented
in Sec. II. The dispersion characteristics for both negative
and positively charged dust species are derived in Sec. III. In
Sec. IV, stability analysis is given with the inclusion of the
Jeans term. In Sec. V, the nonlinear Sagdeev potential is
derived both for negative and positive dust particles. The
results are presented and discussed in Sec. VI. Finally, the
main findings of the paper are recapitulated in Sec. VII.

Il. MODEL EQUATIONS

In this section, we consider a multi-component plasma
comprising of electrons, ions, and negatively/positively
charged dust grains and present the model equations which
will first be used to derive the linear dispersion relation
for coupled dust kinetic Alfven-acoustic waves in a self-
gravitating dusty plasma by considering adiabatic trapping
of electrons.”’®” We neglect the mass of electrons and ions
in the limit m; /my < f; < 1 which leads to the investigation
of coupled dust kinetic Alfven-acoustic waves in the low
frequency limit. Further in the low-f assumption, we can
consider two potential fields ¢ and i/ to describe the electric
field Ex = —%, E, = ?)‘l’ Ey =0 in the x- and z-direc-
tions, respectively, where z is the direction of the ambient
magnetic field. It is noted that only the shear perturbations in
the magnetic field are present. Mathematically, B, = By, By
= 0 are a consequence of the two-potential theory.

The equations of motion and continuity for dust grains,
respectively, are

0
mgny <§ +vq- V) va = Qung(E + vq x B) — mgngVo,

D

% +V. (ndvd) =0. (2)
Here, my, ng,Q4, and ¢ are the mass, number density,
charge number, and gravitational potential of dust, respec-
tively. The dust charge Qg is defined as Q4 = *z4e with
upper signs and lower signs for the positive and negative
dust charges, respectively. Since the dust is massive in com-
parison to ions and electrons, therefore, we consider the
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Jeans effect in the linear study of coupled dust kinetic
Alfven-acoustic waves in a dusty plasma. The inclusion of
Jeans effect in the nonlinear study is beyond the scope of
this work.

The electrostatic and gravitational Poisson’s equations
are

Vi = - = (zang + 1 —ny), 3)
1
Vi = %Gmdnm 4

where n; and n. are the number densities of ions and elec-
trons, respectively,  is the electrostatic potential, and G is
the gravitational constant. Equations (1)—(4) are the govern-
ing equations of our model.

Since we are interested in the effect of adiabatic trap-
ping of the charged particles by an electrostatic potential, we
consider two cases separately here, i.e., first when the dust is
negatively charged and ions are trapped and second when
the dust is positively charged and electrons are trapped. As
mentioned in the Introduction, we follow the method out-
lined in Landau and Lifshitz® where the trapped particle dis-
tribution is divided into free and trapped parts and the
number densities are calculated by taking the relevant distri-
butions into account.

Thus, we consider both the cases: (i) when dust is nega-
tively charged, ions are adiabatically trapped, and electrons
are considered Boltzmannian and (ii) when dust is positively
charged, electrons are adiabatically trapped, and ions are
assumed to be Boltzmannian. Following Ref. 68, we obtain
the following expressions for the densities of the trapped
ions and Boltzmannian electrons:

ey
Ne = Nege™, ®)

n,-—nio<1—?"”+ (‘;‘”) ) ©6)

where o = 3— On the other hand when the dust is positively
charged, we consider the adiabatic trapping of electrons and
assume that ions follow the Boltzmann distribution given by

e
T

)

n; = n;p€

The trapped density of electrons is given by®

ne = (1 + T—‘/’ ta (?F‘”) ) ®)

The current density is given by>’

0,j, = edine — edn; — e@z(zdndvdz). 9)

lll. LINEAR DISPERSION RELATION

To derive the linear dispersion relation, we ignore the
inertia of electrons and ions in comparison to the dust mass
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for coupled dust kinetic Alfven-acoustic waves and obtain
the following dispersion relation from Eqs. (1)—(6):

k2 2 k2 2
(0ia + 70e) [1 - m‘;d} {1 e
_ K} VaaBaza Ko o
+ 2 l-== 53
@ ky QK vig
2 2.2 2 2
[0 Ged 149)F kxvad - kzvad | +m_2%
K, BazaVag Q @ k; ¢y
P 2 2
I0r o ®
K2{1--X% k2<1 J">—Jd
x< Q(zi R ®? vid
k2 2
— g —LAd (10)
®

In Eq. (10) and thereafter (specified otherwise), the upper
sign corresponds to negative dust while the lower sign

|
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corresponds to positive dust. Equation (10) represents the
dispersion relation for coupled dust (positive as well as nega-
tive) kinetic Alfven-acoustic waves in the self-gravitating

%’;T is the dust acoustic speed,

is the dust Alfven speed, wjq = 4 /%Gmdndo is

the Jeans frequency, whereas g,; = %‘; and g,y = :ﬁ are the

dusty plasma. Here, cyy =

B3
Vad= HoNdoMa

ratios of unperturbed electron and ion densities to the unper-
turbed dust density, y = ;— is the ion to electron temperature
zakicl)

ratio, and Ay = —o¢ 1s the coupling parameter here and
d

Q= ";’n—f‘\ Here, we note that in the linear dispersion rela-
tion, the trapping effect cannot be seen since trapping is a
nonlinear phenomenon.

If we neglect the Jeans term, the dispersion relation for
the coupled dust Kinetic Alfven-acoustic wave [(given by
Eq. (10)] can be written in dimensionless form as

2
(By+ Gia + Y Oea + 2aK?) + \/(ﬁd + Gig + Y Oea + 2aK2)" — 4 By(0ia + Y 0ed)’

)

an

D =
+ 2(0ia + Y 0ea)
2
2 (By+ Gia + Y Oca + 24K?) — \/(ﬁd + Gia + Y Oeq + 2aK?)” — 4 By(0ia + Y 0e)?

2(0iqg + Y Oed)

2
— 2 2 _ Cu12 2
= Cy/Vaa s = ng—gkx =z4K;, Dy _

= w/k,vaq. In the absence of the Jeans term, i.e., wjqg =0

and by putting my; — m;, ngy — ny, we obtain the same
expression as obtained for the kinetic Alfven wave,5 ! i.e.,

where f3, = 00T

@ =2 VA (1 +2). (12)

2
o

al = {i?xskgmjzd—)‘skivid_%skikgvlz\do _Q—J;> - (1
d

s o 2 a o zac2 vy K2 K22
+ k;, 0jgA¥zqc kK 0B — B—— 75—

2
a2 = {C (1 — Q—Jg K vig kb — ksvidmjzd k! —
d

jd ™x Pz
2
Qd

N zdcgdvidm»z Kk

d

m:
- —Jd> (1+ By)CVA KK + 0 K2C —

jd Nz

2 2
+Bzdc§dvidmfdk§}/{< —Q—J;’ CK;C 3+ AB o}, +CK] ¢,
d Ad

)

IV. STABILITY ANALYSIS WITH JEANS TERM

In this section, stability analysis is performed from the
dispersion relation [Eq. (10)], which can be written as

o’ +alw* +a2w* +a3 =0, (13)

where

2

o id X7 (1+ By) K; vayC
4

‘ o2 o2
2 0 C(1+ By) 1 -5 |CkFC + AB o} +CK2 ¢,
Q] Q] Vid

2 142 2 2 16—2 214~ 2 214
(14 Bg)C gk viag + CvigCiy k, F ooy k; CEzacjoi k

jd ™z

Vad

> >
a3 = {vidcfdmjzd KOC — z4c2 V3007 kg} / { (1 - Q_Jg CR2FC—L 4 ABo, +CK2 ¢,

A=0u(l+7)+ B +ki
=0 Z4, ==+ =,
ed Y ’Yd Vid Q(zi

C= (O-id + yaed)a

are the coefficients. If (al a2 — a3) > 0, then the system is Jeans stable.”” Conversely, the system will become Jeans unstable

if (ala2 —a3) < 0.
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V. SAGDEEV POTENTIAL

In this section, the Sagdeev potential is derived without
the Jeans term for a wave propagating obliquely to the ambi-
ent magnetic field by writing the set of Egs. (1)—(8) in the
nonlinear form. For this, we move to a co-moving frame
which in a normalized form is given by”’

n=Kx+K.z—M,t. (14)

We also use the following normalized variables:

ne.lﬂd:ne’i’da \P:%7 O=— ¢ (P:%,
. no T; T,' Cy
Ma:JL, K:kﬁ% t = Qut,

Vad Q,

where K, W, n,t,M, are the wave number, potential, normal-
ized density, normalized time, and Mach number, respectively.

5 .
From Ampere’s law, 5 we can write

K2K284((I) lP) ﬁd ( M2 82(Zdnd) + MK, 8 (ZdndVdZ>).

a’n My

(15)

By taking the parallel component of the equation of motion,
we can have

yA Z Z ‘11
8vd n VXKV 8Vd + VZKZ 6Vd —K. 8_ _K. 8(p
on on

—Ma a  on on

(16)

Integrating Eqs. (15) and (16) and using the boundary condi-
tions such that (vg, Vaz, @, ¥¥) — 0 as n — oo and drop-
ping the gravitational potential term, we obtain

BaK7 2] !
M (00— 0¥ (G + vou)Y

M2
oG Y2 P — z—IA(dz [(Gid — Ged) (Cia + Y0ea) ¥
d By

+ 00y (Cia — Ged)qﬁ/z} Bd |:(Gld Ged)3\P:|
= (Cid — Ced) KOy (04F). (17

Here, M%, = M2 f,. After integrating and using the bound-
ary conditions described earlier, we get the energy integral
equation in the following manner for positive as well as neg-
ative dust charges.

d¥
! (dn) + V() =0, (18)

where V(W) is the Sagdeev potential and is given by

K2 2 2z4

Mis g2, 2 g3 M3,
X{I—K—g}q“ +5—ZdaGed'Y2‘P2 1_K—72 .

2
1 1
V(W) = —— b ( +op ) 2 + -— (0id + 7 Oea)
Ad
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In order to have the soliton solution, the Sagdeev potential
(19) must satisfy the conditiOHS'72 i) V(¥P) = M =0 and
V) ) gt P = 0, (11)‘1

P )>0at W= leax and (iii)

V(¥) =0 when 0 < ¥ < W4, The first condition implies
that the fixed point is unstable at the origin and gives a lower
bound on the Mach number. The same can also be obtained
by Taylor expanding the Sagdeev potential (19) in ¥ and
putting the coefficient of the second order term equal to zero.
The upper limit on Mach number can be found out from the
second condition. Thus, in order to obtain the soliton solu-
tion, the Mach number M,,; must satisfy the following
inequality in terms of different constants, such as «, y, etc.:

k:zar/7Y Py k:za\/57B4 . 0)

< Myy
V2Y0eq + 20iq \/IO’VO'ed + 80YGeq + IOO'ld

The above range of Mach number defines the existence
regimes of the formation of solitary structures in dusty plas-
mas. It can readily be seen that the inclusion of dust compo-
nent modifies the upper and lower limits of the existence
regime of the formation of electrostatic solitary structures
under investigation here.

VI. RESULTS AND DISCUSSION

In this section, we first investigate the linear dispersion
relation for the coupled dust kinetic Alfven-acoustic waves
[i.e., Eq. (10)] for the case of negative dust when the nega-
tive dust number density and magnetic field values are
10° m™? and 107*T, respectively.”' In Fig. 1, real fre-
quency is plotted against the normalized wave number for
different values of magnetic field. We note that first the
wave frequency increases directly with the wave number
and its slope increases with the increase in the magnetic
field strength and then the wave frequency becomes con-
stant when I‘Q% > 0.01.

In Fig. 2, real frequency is plotted against the wave
number by varying the values of negative dust number den-
sity. We can see that the real frequency increases with the
wave number but remains higher for the smaller values of
number density. Figure 3 is plotted for the growth rate

0.8

By=1.0x10°T

0.6

By=07x10°T

By =40x10%T

0.2

L L L I L
0.01 0.02 0.03 0.04 0.05
kz Csd
Qq

FIG. 1. Dispersion relation for normalized frequency vs. normalized wave
number for different values of magnetic field for negatively charged dust.
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0.6

ng=3x10" m=

0.5-
ng =5x%10" m3

ng=7x10" m>

0.2

0.1

0.02 0.04 0.06 0.08 0.1

kz Csd

Qq

FIG. 2. Dispersion relation for normalized frequency vs. normalized wave
number for different values of number density for negatively charged dust.

against the normalized wave number for different values of
negative dust number density. We can see that increase in
the number density enhances the growth rate and widens the
range of wave number over which the wave grows.

We investigate the Sagdeev potential [given by Eq.
(19)] and corresponding solitary solutions numerically for
different plasma parameters. Figure 4 depicts the profiles of
Sagdeev potential for different values of Mach number when
Bo=0.2x10"* T and nyy= 10" m>. We find that when the
Mach number increases, the depth as well as the maximum
value of the potential experiences an enhancement. In Fig. 5,
soliton structures are plotted corresponding to the Sagdeev
potential in Fig. 4 for the same values of Mach number. We
can see that as the Mach number increases, the amplitude of
the soliton increases.

We now investigate the linear dispersion relation for the
coupled dust Kinetic Alfven-acoustic waves [given by Eq.
(10)] for the case of positive dust when the positive dust num-
ber density and magnetic field values are 10° m > and 10~*
T, respectively.*® In Fig. 6, real frequency is plotted against
the wave number for different values of magnetic field. We
can see that the wave frequency first increases with the wave
number and then becomes constant when the wave number

015

010

0.05

0.00
0.01 0.02 0.03 0.04 0.05

k. Csd

Qq

FIG. 3. Growth rate vs. normalized wave number for different values of

number density for negatively charged dust.
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—0.006 | b
—0.008 Myy =0.00146
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0.0 0.2 0.4 0.6 0.8 1.0
b 4

FIG. 4. Sagdeev potential V(W) versus P for different values of M, when
Bo=0.2 x 107* T and nyy = 10" m~>.

1.0F T T T T T T T |
Mg = 0.00146
08 -
Myg = 0.00144
0.6 My = 0.00142

0.4

0.2

0.0

-15 =10 =5 0 5 10 15

FIG. 5. Solitary structures corresponding to the Sagdeev potential V(\¥)
shown in Fig. 3.

becomes kf‘:d > 0.1; however, the frequency remains higher
for a larger value of magnetic field. In Fig. 7, the real fre-
quency is plotted against the wave number by varying the val-
ues of positive dust number density. It can be seen that the
real frequency increases with the wave number but remains
higher for smaller values of number density.

0.6

By=12x107°T

N

0.5

041

AN

By =08x10°T
By=04x10°T

0.1

0.05 0.1 0.15 0.2
kz Csd

Qq

FIG. 6. Dispersion relation for normalized frequency vs. normalized wave
number for different values of magnetic field for positively charged dust.
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0.6

ng=1x10°m™

0.5

ne=1.1x10° m?3
— 03}

n=12x10° m?3

0.2

01|

0.1 0.2 0.3 0.4 0.5

kz Csd

Qqy

FIG. 7. Dispersion relation for normalized frequency vs. normalized wave
number for different values of number density for positively charged dust.

Figure 8 depicts the profiles of Sagdeev potential for dif-
ferent values of Mach number when By = 0.2 x 10747,
0 =mn/3, and ny= 10°m 3. It is found that as the Mach
number increases, the depth as well as the maximum value
of the potential increases. In Fig. 9, soliton structures are
plotted corresponding to the Sagdeev potentials in Fig. 8 for
the same values of Mach number. We find that the increase
in Mach number enhances the amplitude of the soliton.

Figure 10 shows the profiles of Sagdeev potential
for different values of angle of propagation 0 for Bo=0.2
x 107*T, M4, = 0.0000032, and nyy = 10> m=3. It is found
that as the angle of propagation increases, the depth as
well as the maximum value of the potential also increases. In
Fig. 11, soliton structures are plotted corresponding to the
Sagdeev potentials in Fig. 10 for the same values of angle of
propagation. It can be seen that an increase in angle enhances
the amplitude and width of the soliton.

Finally, it is imperative that we highlight the important
physical difference between dusty plasmas and ordinary e-i
plasmas. The gigantic dust mass by comparison with ions
and electrons introduces new spatio-temporal scales. Note
that the frequencies being considered here are very slow
compared with ordinary e-i plasmas and the dust acoustic
Larmor radius is very large compared with the ion acoustic
Larmor radius. This fact has an important ramification,

0.004 T T
M4 = 0.00000581
0.002 -

v/

s My, = 0.00000587
Z o002} ]
>

~0.004f ]

~0.006 | \ ]

Myy = 000000592
~0.008 : : : .
0.0 0.2 04 0.6 0.8 1.0

b 4

FIG. 8. Sagdeev potential V(W) versus P for different values of M4, when
0 =mn/3and ng =10 m™>.
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JQF ~ T T T T T T T T T T T g

M,y = 0.00000592 M,y = 0.00000587

—

0.8

0.6 -

M,y = 0.00000581

0.2

0.0

-15 -10 -5 0 5 10 15

FIG. 9. Solitary structures corresponding to the Sagdeev potential V(\¥)
shown in Fig. 7.

0.004 [

0.002 1

0.000

~0.002

\ACY)

~0.004

-0.006 0=755

1 S S R
0.0 0.2 04 0.6 0.8 1.0

¥
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namely, that the spatial scale lengths over which the solitary
structures form in dusty plasmas are much longer by compar-
ison with their counterparts in the e-i plasmas.

VIil. CONCLUSION

In this paper, we have studied the nonlinear coupling of
kinetic Alfven waves with the acoustic waves in a self-
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FIG. 11. Solitary structures corresponding to the Sagdeev potential V(\¥)
shown in Fig. 9.



073704-7 Sabeen et al.

gravitating dusty plasma by considering separately, adiabati-
cally trapped electrons and ions, and taking into account
both positive and negative dust. The linear dispersion rela-
tion for the coupled dust kinetic Alfven-acoustic wave has
been investigated by considering negatively as well as posi-
tively charged dust, and different limiting cases have also
been discussed. It has been seen that for both negative and
positive dust, the real frequency is larger for larger magnetic
field strength; however, it mitigates with the increase in dust
number density. Stability analysis of the coupled dust kinetic
Alfven-acoustic wave has also been presented. It has been
found that the increase in dust number density enhances the
growth rate due to Jeans instability and also widens the range
of wave numbers over which the wave grows. The Sagdeev
potential has been obtained by ignoring the gravitational effects
for both negative and positive dust and has also been numeri-
cally studied for different plasma parameters and the corre-
sponding solitary structures have been shown. We have found
that solitons can only be formed in the sub-Alfvenic regime for
both negative and positive dust cases. The amplitude and width
of the soliton increase with Mach number in both cases. Our
study is applicable in a variety of space and astrophysical plas-
mas where positive and negatively charged dust is present such
as those found in the planetary magnetospheres.
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