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In degenerate quantum plasma the energy behavior of electrostatic modes propagating perpendicular to
the external magnetic field is studied by employing the separated spin evolution quantum hydrodynamic
(SSE-QHD) model. This model reveals that spin electron cyclotron wave (SECW) appears additionally with
the upper hybrid wave (UHW). In case of SECW, the curves for the energy flow speed at different levels
of spin polarization effect flip over at a particular value of wave number. The spin polarization effect

enhances the energy flow speed before this value of wave number and then suppresses it afterward.
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The energy flow speed is enhanced by spin polarization effect in the entire range of wave number for
the propagation of UHW. The Bohm potential effect drastically increases the energy flow speed at high
wave number domain in both the waves. This study may find its applications to understand the energy
behavior inspin polarized solid state plasmas

© 2019 Published by Elsevier B.V.

1. Introduction

In recent times there has been great interest in the study of
energy transport and energy flow speed of various waves in plas-
mas. The energy flow speed depends upon the energy flux density
contributed by various types of energy sources [1-3]. For electro-
magnetic waves, Poynting theorem enables us to find the energy
flux density and thus to determine the energy flow rate [4]. In case
of electrostatic waves, the energy transfer is shared by the electric
potential energy, kinetic energy and, for dense plasmas, quantum
interaction energy. Recently, several works on this subject have
been executed for electrostatic and electromagnetic waves propa-
gating through three dimensional (bulk) and two dimensional (lay-
ered) electron-ion, magnetized and unmagnetize quantum Fermi
plasmas [5-7].

Last two decades have witnessed intense activity on quantum
plasma due to its numerous applications in laboratory plasma
(in microelectronic devices, laser produced plasma, nano-systems)
[8-10] and in extremely dense astrophysical objects (like white
dwarfs, neutron stars, pulsars and magnetars) [11-13]. The cold
and highly dense plasmas qualify for quantum treatment. The sta-
tistical quantum effects are included through the Fermi pressure
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and the quantum interaction (diffraction and tunneling effects)
are incorporated through the Bohm force term in the momentum
equation. Another quantum effect which is commonly present in
strongly magnetized plasmas is the intrinsic spin property of the
electrons. The electron spin effect in the plasma was introduced
by deriving the quantum hydrodynamic (QHD) model for spin-1/2
particles in Refs. [14-16]. Later on generalized form of QHD model
for spin-1/2 particles was presented by Andreev [17] in which the
author considered that the electrons of spin-up and spin-down
are two different fluids. This model is called separate spin evo-
lution quantum hydrodynamic (SSE-QHD) model. The QHD model
for spin-1/2 particles has received great deal of attention due to
emergence of some new wave phenomena and its effect on in-
stabilities [18,17,19-24]. Subsequently, the kinetic quantum model
for spin-1/2 quantum plasmas was developed and applied to study
the dispersion properties of different plasma waves [25-29]. The
SSE has unique features which give birth to new wave phenom-
ena [17,19,20,23]. The non linear analysis of these newly investi-
gated spin dependent waves has been investigated in electron-ion
and electron-positron-ion plasma [30-32]. Employing the SSE-QHD
model some new wave features and Langmuir wave instability
have been investigated inside the cylindrical waveguide. It is found
that electron spin effects the geometry effects have opposite effects
on the growth rate and wavenumber-domain of the instability [33].
Further, SSE predicted two new waves solutions in the spectrum of
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obliquely propagating extraordinary waves [34]. Recently, spin po-
larization effect on the Raman three-wave interaction and hybrid
wave instabilities have been discussed in Refs. [35,37,36].

The energy densities and energy flow speed for the electro-
static and electromagnetic waves have been investigated in quan-
tum plasma in which only Bohm potential effect was taken into
account. Spin of the electrons is also responsible for interaction of
particles in the presence of external magnetic field. Thus the en-
ergy density is changed due to the spin effect and consequently
the energy flow speed. So the study of energy flow speed for
spin polarized plasma is very much in order. However to the best
of our knowledge energy behavior of high frequency electrostatic
waves have yet not been discussed in spin polarized plasma. In
this manuscript, we describe the energy densities and energy flow
speed for upper hybrid waves and SECW in a magnetized electron-
ion quantum degenerate plasmas on the basis of SSE.

The manuscript is arranged as follows: In section 2, the mathe-
matical formulation for the derivation of energy densities and en-
ergy flow speed for perpendicular propagating electrostatic waves
is presented. Results and discussion are given in section 3. Sec-
tion 4 is devoted for the conclusion.

2. Mathematical formulation

We consider an electron-ion magnetized quantum degenerate
plasma in which high frequency longitudinal waves propagating
perpendicular to the magnetic field are to be investigated. The ions
are assumed to be stationary lying in the back ground. The elec-
trons are supposed to form a degenerate gas for which quantum
statistical and particle dispersive effects are included through the
Fermi pressure and Bohm potential terms respectively. For govern-
ing the dynamics of electrons, we consider the SSE-QHD model
which was developed in Ref. [17]. In this model the spin-up and
spin-down electrons are considered as separate fluids. Therefore,
the continuity equation with spin projection of each species is pre-
sented as

dns 4+ V.(nVs) = (1) T, (1)

where s = u, d for the spin-up and spin-down state of particles, n
and v are the number density and velocity field of electrons be-
ing in the spin state s, T, = %(BXSY — By Sy) is the z-projection of
spin torque, y = —up, up is the Bohr magneton, is =2,1 for up
and down species respectively, Sy and Sy are spin density projec-
tions. In this model, the z-projection of the spin density S, is not
an independent variable, it is a combination of concentrations i.e.,
S, =ny —ng. The momentum equation for electrons is given as

h? Ang (V)2
mng(9; + Vs.V)Vg + VP — —nV | — — .
4m ng 2ns
1 .
= —eng (E + E[Vs» B]) + (—I)ISV”sVBz
+ 2 (SxVBy+ Sy VBy) + (~Dm(E; — viTa), (2)

Here s = u,d where u is for up-spin and d is for down-spin.
Ps = (6m2)%3nh2/5m is the degenerate pressure for both the
species of electrons, term proportional to h? is Bohm potential. On
the right hand side the of momentum Eq. (2) is the Lorentz force,
T‘Z = %(I(M)XBy — JimyyBx), which is the torque current, where
Jomx = (W +Vg)Sx/2, and Jmyy = (Vy +Vg)Sy/2 are the convec-
tive parts of the spin current tensor. For the study of propagation
of electrostatic waves (B; = 0) in electron-ion plasma the set of
equations for SSE-QHD model is closed by taking the Poisson’s
equation as

V.E =4me(n; — ny —ng). (3)

For the electrostatic waves the perturbation in magnetic field is
zero (B; = 0). We assume that the perturbations are ~ eikz—@f)
and by using E; = —ik® in Eq. (1) to Eq. (3) we obtain the ex-
pressions for perturbed velocity and number density of electrons
as

ewk®d
s = S n k4 (4)
m(w?* — wge — Vi ks — )
engsk?®
s = . iy (5)
m(w* — wze — Visk? — 7-7)

By using Eq. (3) and Eq. (5), we obtain the dispersion relation for
perpendicularly propagating electrostatic waves as

2

w
e=1- 2 y 2 n k2
@? — g — kK2 (v, + )

1)
d
22 s 2 ﬁk2 (6)

W* — wge — k4 (ve, + )

Here w¢ = eBg/mc is the electron cyclotron frequency, wf,(u 4=

1
(1 F Mw),/2, where wpe = (4nge®/m)? is the electron plasma

frequency, v%(u’d) =vi(lF n)%/B, Vi = (3m2ng)/3h/m, is the
Fermi velocity of electrons. The spin polarization factor can be
expressed as 1 = (ngy — nog)/no = —(3upBo/2¢F), where &f =
(372np)%/3K% /2m is the Fermi energy of the electrons. The equilib-
rium number density of spin-up and spin-down electrons in terms
of unpolarized equilibrium number density can be expressed as
Noqw.dy = No(1 F n)/2. Eq. (6) is an equation of second degree rel-
atively w? which means it has two wave solutions. However, if
we treat the electrons as a single fluid (v%u = v%d) we get only
one wave solution i.e., upper hybrid wave modified with quantum
Bohm potential effect. Further in the limit of small magnetic field
Eq. (6) admits two possible solutions given as

2,2
w? =w?, + w? +—k V2 4+ v+ — K )
— “pe ce Fu Fd 2m2
K2, — de>2 + 22 (v}, = Vi) (@2, — @2y -
4(why, + a)lzjd)
, h2k?
> —wce+ k (v, + Vi + o )
) k4(VFu —VE)® = 2K (VE, — Vi @y — @2y )

A(wh, + a)gd)

Eq. (7) and Eq. (8) are the dispersion relations of UHW and SECW.
The latter one is an additional wave which arises due to the pres-
sure difference of the spin-up and spin-down electron fluids. It is
obvious that for a single electron fluid only UHW is observed. On
the other hand, the separate spin evolution reveals its second part-
ner SECW in the spin polarized plasma. In this case, the energy is
stored and carried away by both the waves. To examine this we
exploit the Poynting theorem which can be expressed for one di-
mensional case, in the electrostatic approximation, as follows

3F J (1
= E2) — ExJx. 9
ox 3t <2€0 ) xJx 9)

Where TI' is the energy flux density and Jy is the current density
which can be expressed as
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Jx=—eMouVxu +NodVxd) - (10)

We use Eq. (2) and Eq. (10) to evaluate Ey Jx;

2 2 2
w2\ mngs v m(vg + z) an?
E — 1 Zce Xs s 4m
wle= 2 ( a)Z) 2 ot T 2mes 0t
s=u,d
[2k2  3(nsVys)
—_— 11
+m(vps+4 7)o (11)

Detailed derivation up to Eq. (11) is given in appendix. Now we
use Eq. (4), Eq. (5), Eq. (9) and Eq. (11) to express the energy con-
servation law as follows

alr  de
ax + at
where I'=Txg + T'xq and € = eg +€x +€q is energy density. The
symbols E, K and Q in the subscripts represent the electrostatic,
kinetic and quantum aspects respectively. We can easily identify
the various types of energy densities and energy flow densities
from the energy conservation law (Eq. (12)) as

=0, (12)

1
g = ieokzd% sin® (kx — wt) (13)
2 (2 2
1 5, Wy (0* — wZ,)
Ex = EGOk q>0 2 >
4
(wz — W — v k2 — —Zn’1‘2>
2 (2,2
w?, (w? —w
+ pd( Ce) ; cos? (kx — wt) , (14)
4
(a)2 — w2 — v k2 — ’:‘m’:z)
2 2 1,2 R
Why (VFuk + 4m<2)

1
£q = =€k’ ®3
2 2 2 2k
(a) — WE — vFuk )

am?
2 2 1,2, WKt
“pd (Vde + 4m2>
n2k4
4m?
1_‘xE = 07 (16)
2 2 1,2, K4
@puy (vFle + 4m2)
2
2_ 2 .2 12 W%k
(a) Wee — Vi k* — 27
2 2 12, h%d
@pd (Vde + 4m2)
2k |2
4m?
where Ex = —9®/dx and we assume that ® = ®gcos (kx — wt).

Now we find time average values of energy densities and energy
flow densities as below:

+ cos® (kx — wt), (15)

(a)2 — W — Vi k2 —

FXQ = an)kq)g

+ cos? (kx

— wt), 17)
(wz —wZ — Vi k2 —

1
(€E) = ~ €k* @, (18)
4
2 (2 2
(ex) = (e5) “pu (0~ %)
214\ 2
<w2 — w2 — v%uk2 — %)
2 (2 2
N Wy (0* — k) (19)
2,4
(a)2 — Wl — V2 k% — anz)

2 2 12, h%K4
wpy (vFuk + Tz

(€q) = (€E)

h2k4 2
(wz —wk —vi k2 — n’1‘2 )
2 2 12, kK4
w? (ve ke + —)
d( Fd am?2
+— EPIC (20)
h2k
(c:)2 — Wl — vigk? = 5 )
(Txe) =0, (21)
2w w%u (‘/szuk2 + %)
(M) = {ee) 5 ?
(a)z —wZ — v%uk2 — 4m—<2>
2 2 12 WA
= (v ke + —)
d( Fd 2
+ 14 4m (22)

2kt \2
W)
Finally, we find the energy flow speed in degenerate plasma, given
as

(a)2 — W — V2 k% —

(T'x)
= 23
Y (e) (23)
where (I'x) = (I'xg) + (T'xq) and (&) = (eg) + (k) + (€q). Thus by

using Eqgs. (18)-(22) we get

2 2 12 hkd
2w Dpuy (VFuk + ﬁ)
(F'x) = (e >T 2\ 2
((1)2 — a)%e — V%_-uk2 — W)

2 2 12 4 WA
w5 (dek +—4m2)

+ a2 (24)
2 n2H
w? — Wi — dek2 4m‘2)
w?, <w2 —w? +vi K+ 4m2)
(&) =(ep) | 1+ ”
<w2 —wk — v k2 — Zn’:Z)
2 2 2 nk
. w5 (w —wk + dek 4m2) (25)
244
(a)z—wge—vmk Zn’;)

By using Eq. (24) and Eq. (25) in Eq. (23) we obtain the energy
flow speed as following,

2w
k
2
2 2 12 hid 2 2 2 12 h2A
[a)pu (vFuk +W) <a) —We — Vigk® — 4
2
2 (2 12 nkd 2 2 2 _ K
+a)pd<dek +4m—2)(a) - —vik — T
X

2 2
2 2 2 _ hiA 2 2 2 2 _ Rk
|:((1) —a)ce—VFuk m? w _a)CE_dek — amZ

2
2 2 K 2 2 2 1,2 _ h%k4
+ wpy (a) —wk + V2 K+ 4m2)(w — W — Vigk® — o5
2
2 2 2 2 2 2 2 _ R
+a)pd<w —a)ce+dek 4m2)(a) —wce—vFuk —4m2)]
(26)

Eq. (26) can be analyzed for the energy flow speed for the propa-
gation of UHW and SECW using their dispersion relation given by
Eq. (6). If we consider the electrons as a single fluid (v%u = v%d),
we obtain the result for energy flow speed modified by quantum
Bohm potential for the propagation of only UHW.
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Fig. 1. The figure shows the effect of spin polarization on energy flow speed, for
the propagation of SECW in the plasma. In this figure thick colored curves shows
variation of flow speed for different values of spin polarization factor n in the pres-
ence of Bohm potential and dashed colored curves without taking account of Bohm
potential. In figure 7 = 0.25 (Red thick and dashed), n = 0.25 (Green thick and
dashed) and n = 0.25 (Blue thick and dashed). The other parameters are used as:
nge =1 x 10?2 cm™3 and Bg =5 x 107 G, 1 x 108 G and 1.5 x 10® G. (For interpre-
tation of the colors in the figure(s), the reader is referred to the web version of this
article.)

3. Results and discussion

In this section we present the numerical analysis of energy flow
speed for the propagation of SECW and UHW. First we discuss the
energy flow speed for SECW. Fig. 1 shows the energy flow speed
plotted against the wave number with and without the Bohm po-
tential effect. The bold curves illustrate the variation of energy flow
speed with k when the Bohm potential effect is taken into account
where as dashed lines represent the same when it is not included.
We chose the different values of the spin polarization effect, typ-
ically i.e. n =0.25,0.50, 0.80, for plotting the curves. A couple of
observations are in order. The curves of energy flow speed at dif-
ferent values of n flip over at a particular value of wave number
0.52. The spin polarization enhances the energy flow speed for
k < 0.52 and suppresses it for k > 0.52. In the absence of Bohm
potential the energy flow speed decreases exponentially with k and
tends to go for a constant value. It is evident that Bohm potential
plays an important role at larger values of k where it enhances the
flow speed. The upward trend begins around k = 0.52. The Bohm
potential effect is not just a small correction but changes the en-
ergy flow speed significantly. The corresponding results for UHW
are summarized in Fig. 2 which clearly demonstrates that the spin
polarization effect enhances the energy flow speed over the whole
range of k in the absence of the Bohm potential effect. The Bohm
potential effect plays a similar role here to keep the upward trend
almost linearly in the upper range of k as well. Thus the Bohm po-
tential effect plays an important role and enables both the waves
to transport energy at high speed in the upper range of wave num-
ber which otherwise stays at a constant level. In the low k domain,
however, the energy transport due to SECW is quite significant.

4. Summary and conclusion

In this work, using the SSE-QHD model, we have investigated
energy behavior in the electrostatic longitudinal waves propagating
perpendicular to the external magnetic field in the spin polarized
quantum plasma. This model generates a new wave SECW which
arises due to spin polarization. Regarding its energy flow speed, it
is observed that for different values of 1 the curves flip over at
a particular value of the wave number. In the absence of Bohm
potential effect the energy flow speed decreases exponentially to

Fig. 2. Fig. 1: The figure shows the effect of spin polarization on energy flow speed,
for the propagation of upper hybrid in the plasma. In this figure thick colored curves
shows variation of flow speed for different values of spin polarization factor 1 in
the presence of Bohm potential and dashed colored curves without taking account
of Bohm potential. In figure 7 = 0.25 (Red thick and dashed), n = 0.25 (Green thick
and dashed) and 1 = 0.25 (Blue thick and dashed). The other parameters are used
as: nge =1 x 1022 cm—3 and By =5 x 107 G, 1 x 108 G and 1.5 x 108 G.

a constant value. On the other hand, in the presence of Bohm
potential effect, the energy flow speed increases almost linearly
for wave numbers beyond the flip-point. It is concluded that the
Bohm potential effect enables the wave to transmit energy with
high speed at larger values of k. It may also be mentioned here
that, in the low k domain, the flow speed falls very rapidly for
both with or without Bohm potential. Moreover, we have stud-
ied energy flow speed of UHW. First we note that the speed is
enhanced as we increase 7. Further, without the Bohm potential
effect the energy flow speed initially increases with k and then
becomes almost constant. But with Bohm potential effect the en-
ergy flow speed increases with k almost linearly at higher values.
Usually, Bohm potential effect is seen to be a small correction in
most of quantum treatments but here its role is domineering as it
drastically enhances the energy flow speed at higher values of k
in both the waves. From the application point of view, we have
chosen the parameters of spin-polarized plasma having equilib-
rium number density ng =~ 1022 cm~3 yielding Fermi temperature
of the order Tr ~ 2 x 10* K. These parameters lie in the domain
of metallic structures and magnetically ordered metals (like Fe, Py,
Co, Ni, or MnAs) which are spin polarized and are used in the
development of spintronic devices [38]. Further for most practical
purposes, metallic structures can be thought of as operating ef-
fectively at room temperature (T =300 K). Moreover, the electron
dynamics in these metallic structures is governed by the plasma
effects [39]. Thus quantum statistical and electron tunneling effects
should be included because the Fermi temperature is greater than
the room temperature and the de Broglie wavelength is compara-
ble or larger than the inter-particle distance [40]. Spin polarization
of carriers in solid state materials is a precondition for spintronic
devices and magnetoelectronic devices, in which spin rather than
charge is carrier of information. Further the spin polarized carriers
can also be produced by injecting polarized particles or by opti-
cal pumping [41,42] or through interaction of plasma with strong
ultrashort laser pulses [43,44]. Although the spintronics has ben-
efited from these magnetic materials there is an immense need
for fundamental studies of these materials before the potential of
spintronics applications can be fully realized. We investigated en-
ergy flow speed in these spin polarized metallic structure materials
because in most of the solid state devices the energy flow speed
determines the rate of information (data) transfer. Thus our re-
sults may be relevant to understand the energy behavior in spin

https://doi.org/10.1016/j.physleta.2019.06.005
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—m (V% Ik ) (Vixulu) + (Va4 + nk —— ) Ix (V1xdNg)
u™ 4m am2 Fd 4m?2 x UV 1x
m 1 2 h2k2 ,
- 5 @(VFIJ )atn + ( Fd + P )Btnd

Detailed derivation up to Eq. (11).

For the perpendicular electrostatic waves the perturbation of
magnetic field is zero (B; = 0). So the above Egs. (1) and (2) can
be rewritten in a simplified form as

OtNes + V. (esVes) =0 (27)
h? Ang  (Vng)?
mng (0 + Vs.V)Vg + VPey — —nsV -—
4am ng 2ng
1
= —en; (E—i— E[vs, B]) (28)
Here we have used Ex = —9dx®. The x-component of Eq. (28)
h2)2
O ® = _8tV1xs + —Vlys + ( Fs T 3 ) 0xns (29)
4m
The y-component of Eq. (28)
0tViys = WcV1xs (30)
on substituting v1ys in above equation, we obtain,
m a)Z 21,2
0x® = ;(1 - )3tles + (VFS am? —— ) 0xlls (31)
As the Poynting theorem for the electrostatic energy flow is
ar+8 16E2 = (D) J (32)
ax T ar\2 0] T x

where [y = —e (ngy V1ixy + NodV1xd). Multiply Eq. (31) by Jx and the
product (3y®) Jx may be expressed as
wz
(1 - —)( enosVixs) 0t Vixs
w?
2] 2

m 5, k%
+ %(V}-‘g + W)(_enOsts)axns

m
(0xP) Jx = —

(33)

By using continuity equation for spin up electrons, we rearrange
the above equation as

mnoL, ) 2)2
(0xP) Jxu=——F(01— _)atv1xu mvg, + W)ax(leunu)
21,2
m k
= oo Vhu+ g0 (34)
Similarly for spin-down electrons
Mg P 2 2K
(0xP) Jxa = ——(1 ~ 22 )0t Vxg — M(VEg + W)ax(vudnd)
h2k?
— %(v%d + )0 (35)
By adding the above equations to get
(0xP) Jx (36)
m 2

we 2 2
=—Z1-25) (n0u8tvxu —l—nOdBtvxd)

By substituting vy, Vg, Ny and ng from Eq. (4) and Eq. (5) we get
the next equations of the paper.
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Highlights

o Studied the energy flow speed for the propagation spin electron cyclotron wave (SECW) and upper hybrid wave.
e Examined how the spin polarization and Bohm potential influence the energy flow speed.
e Results are applicable to environments like solid state plasma.
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