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Generation of sheared zonal flow by low-frequency coupled electrostatic drift and ion-acoustic

waves is presented. Primary waves of different (small, intermediate, and large) scales are consid-

ered, and the appropriate system of equations consisting of generalized Hasegawa-Mima equation

for the electrostatic potential (involving both vector and scalar nonlinearities) and equation of par-

allel to magnetic field ions motion is obtained. It is shown that along with the mean poloidal flow

with strong variation in minor radius mean sheared toroidal flow can also be generated. According

to laboratory plasma experiments, main attention to large scale drift-ion-acoustic wave is given.

Peculiarities of the Korteweg-de Vries type scalar nonlinearity due to the electrons temperature

non-homogeneity in the formation of zonal flow by large-scale turbulence are widely discussed.

Namely, it is observed that such type of flows need no generation condition and can be spontane-

ously excited. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4989708]

I. INTRODUCTION

Drift waves play a decisive role in the magnetic trapping

of plasma. Drift waves were predicted by Rudakov and

Sagdeev1 and later Mikhailovskii2–4 has contributed to under-

standing of the problem. A comprehensive survey of the drift

waves turbulence and associated anomalous transport was elu-

cidated by Horton.5 Nonlinear dynamics of drift waves in

plasmas is primarily described by the classical Hasegawa-

Mima (HM) equation,6,7 providing different solutions which

involve turbulent, coherent, and wave behaviors. It should be

noted that the nonlinear term in the standard HM equation has

the structure of type Jða; bÞ ¼ ½ra�rb�z, where a and b are

certain functions of wave field. Such nonlinearity is called

vector nonlinearity and provides the existence of dipolar non-

linear structures. On the importance of other, so called scalar,

Korteweg-de Vries (KdV) type nonlinearity / u2 in the non-

linear theory of drift waves was indicated by Petviashvili.8

Scalar nonlinearities are responsible for the existence of

monopolar nonlinear structures. Simultaneous accounting of

both vector and scalar nonlinearities first was performed by

Petviashvili9 when investigating the problem of Jovian Great

Red Spot. The comprehensive analysis of both (monopolar

and dipolar) types of drift vortical structures was given by

Mikhailovskii.10 Later, Nezlin and Chernikov11 elucidated the

new localizing role of vector and scalar nonlinearities in the

process of formation of solitary nonlinear structures and

emphasized that depending on the wavelengths scale drift

waves turbulence should be described by the more complex,

so called generalized HM equation.

The other problem which is closely connected with drift

wave turbulence is the generation of sheared zonal flow

spontaneously arising in laboratory plasmas as a conse-

quence of the secondary instability of plasma due to the non-

linear interaction between the primary oscillations. The

nonlinear vector and scalar terms in the equations permit us

to consider a three-wave interaction, in which the coupling

between the pump electrostatic drift-ion-acoustic waves and

side-band modes generates large-scale modes, so called

zonal flows. Actually, the zonal flow is spontaneously gener-

ated from small-scale drift wave fluctuations via the action

of Reynolds stresses. This problem have been attracted a sci-

entific attention because according to the acceptable state-

ment sheared zonal flow suppresses plasma turbulence and

reduces the anomalous transport of heat and particles across

the magnetic surfaces due to the energy transport toward

large scale structures as a result of the inverse energy cas-

cade. Basically carried out investigations on sheared zonal

flow generation problem by the electrostatic drift waves can

be divided into two classes. The first one invokes the classi-

cal coherent parametric instability method to study the gen-

eration of sheared zonal flow,12–17 whereas the second class

uses the representation of electrostatic drift waves by a

wave-kinetic equation coupled to the zonal flow equa-

tion.18,19 The new methodical achievement was developed

by Mikhailovskii et al.,20 where the parametric approach

was modified assuming the spectrum of primary modes to be

arbitrary (instead of monochromatic consideration).

In the present work, we consider the possibility of gen-

eration of zonal flow on the low-frequency coupled electro-

static drift and ion-acoustic waves. As in the tokamak

plasma experiments5,21,22 mainly large-scale drift waves

(k?qs � 1, where qs is the ion Larmor radius defined at the

electron temperature) are observed we will draw our atten-

tion to the large-scale solitary structures and derive the gen-

eralized HM equation for the coupled drift-ion-acoustic

waves. In Sec. II, a system of basic equations comprising the

general HM equation for electrostatic potential and equation

describing parallel to magnetic field ions motion valid for

arbitrary wavelengths of primary waves is obtained. In Sec.

III, a linear regime is considered in detail. In Sec. IV a
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system of basic nonlinear equations (obtained in Sec. II) is

separately considered in accordance with the wavelengths

(small, intermediate, and large scales) of primary waves. In

Sec. V, we consider the possibility of sheared zonal flow

generation by coupled electrostatic drift-ion-acoustic waves.

In Sec. VI, we discuss obtained results.

II. BASIC EQUATIONS

We consider electrostatic low-frequency waves with

the frequency much smaller than the ion cyclotron fre-

quency (i.e., x� xci) in a magnetized (with the magnetic

field Bez) and inhomogeneous (with the density n0ðxÞ and

temperature TeðxÞ) plasma. The linear waves in the form of

drift and ion-acoustic waves are known to exist in such a

plasma if the phase velocity in the direction of the magnetic

field, x=kz is between the electron and the ion thermal

velocities, vTe and vT i.

The equations needed for a more complete description

of low-frequency electrostatic drift and ion-acoustic

waves in plasmas are the equations of motion and conti-

nuity for the ions, and the Boltzmann distribution of the

electrons

@v

@t
þ v � rð Þv ¼ � e

m
ruþ xciv� ez; (1)

@n

@t
þr � nvð Þ ¼ 0; (2)

n ¼ n0 xð Þexp
eu

Te xð Þ

� �
: (3)

Here, n; v; e, and m are the ion density, velocity, charge, and

mass, respectively, u ðt; x; y; zÞ is the electrostatic potential,

and xci ¼ eB=m is the ion cyclotron frequency. We assume

the plasma to be quasineutral, so that ne ¼ n: The magnetic

field B ¼ Bez is assumed to be constant and homogeneous,

and Te � Ti, which means that we can neglect the ion pres-

sure in the equation of motion. The equilibrium density n0ðxÞ
and electron temperature TeðxÞ are both assumed to be inho-

mogeneous in the x direction.

According to Eq. (3), electrons attain thermal equilib-

rium along the magnetic field lines, so we must require that

the phase velocity of the electrostatic perturbations along the

magnetic field x=kz � vTe. It also has to be smaller than the

Alfven velocity cA ¼ B=ðl0n0mÞ1=2
which means that the

magnetic field perturbations due to the parallel current can

be neglected. Hence, kz must be finite.

We consider the coupling of drift waves with ion-

acoustic ones and assume the weak z dependence of the

fields. Taking the curl of Eq. (1) and using Eq. (2), we get

the following “freezing-in field equation”:23

@

@t
þ v � r

� �
ezxci þX

n

� �
¼ ezxci þX

n
� r

� �
v; (4)

where X ¼ r� v is the vorticity. The obtained equation is

valid for the 3D perturbations, and the new term on the right-

hand side describes vortex stretching (cf. Ref. 16).

Further, we will use the small expansion parameter e,

e 	 1

xci

@

@t
	 1

kzvTe

@

@t
	 X

xci
	 eu

Te
	 L

Ln;T
� 1; (5)

where L is the typical length scale of the fluctuations, and

Ln;T is the inhomogeneity scale of the equilibrium density

and temperature, respectively. The characteristic wave dis-

persion scale length is qs ¼ ðTe=mx2
ciÞ

1=2
, which represents

the ion Larmor radius defined at the electron temperature Te.

To express Eq. (4) in terms of potential u ðt; x; y; zÞ, we

represent the total particle velocity as v ¼ v? þ ezw. For

low-frequency waves x� xci, Eq. (1) implies10

v? ¼ vE þ vI ; (6)

where vE is the electric drift velocity (or cross field drift

velocity) defined as

vE ¼
1

B
ez �r?u ¼

1

B
E� ez; (7)

and vI is the inertial part of the transverse velocity

vI ¼
1

xci
ez �

d0

dt
vE; (8)

where d0=dt ¼ @=@tþ vE � r þ w @=@z.

Taking into account the conditions (5) and substituting

Eqs. (6)–(8) into the z component of Eq. (4), we get the fol-

lowing expression for the electrostatic potential:

@u
@t
� q2

s

@

@t
D?u� q2

s xci
1

n0

dn0

dx

@u
@y
þ q2

s xci
1

Te

� dTe

dx
u
@u
@y
� q4

s xciJ u;D?uð Þ þ w
@u
@z
þ @w

@z

� q2
s w

@

@z
D?uþ q2

s D?u
@w

@z
� q2

s

@w

@x

@2u
@x@z

� q2
s

@w

@y

@2u
@y@z

¼ 0 : (9)

Other equation describing the parallel to magnetic field ions

motion, we will get from the z component of the equation of

motion (1) as

@w

@t
þ q2

s xciJ u;wð Þ þ w
@w

@z
¼ �v2

s

@u
@z
: (10)

Here, vs ¼ ðTe=mÞ1=2
is the ion-acoustic speed and the

Jacobian Jða; bÞ ¼ @xa@yb� @ya@xb, and D? ¼ @2=@x2 þ
@2=@y2 is the 2D Laplacian. Equations (9) and (10) compose

the initial closed system of equations valid for arbitrary

k?qs. In the both equations, potential u is normalized by

Te=e. As to the ions parallel motion Eq. (10), it contains both

vector and scalar nonlinearities.

Compared to the classical HM equation with respect to

drift waves, the generalized Eq. (9) contains additional new

scalar nonlinearity of KdV type: q2
s xci

1
Te

dTe

dx u @u
@y . The stan-

dard HM equation containing only the vector nonlinearity
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q4
s xciJðu;D?uÞ is valid only for the small-scale structures

when the characteristic size L � qs and predicts the exis-

tence only of dipolar vortices (cyclone-anticyclone pairs).

Solitary monopole type vortices (i.e., either cyclones or anti-

cyclones) can be described only by the generalized HM

equation of type (9) containing scalar nonlinearities.

Monopole type solitary structures were first observed in lab-

oratory modeling of solitary Rossby vortices.24 Kaladze

et al.25 showed numerically that the presence of the scalar

nonlinearity plays the role of instability forming monopole

vortical structures of definite polarity as a result of breaking

large-scale dipole ones. The generalized HM equation for

the electrostatic drift waves in connection with the zonal

flow generation was obtained by Kaladze et al.16 Dynamics

of large-scale drift vortical structures in electron-positron-

ion plasmas was discussed in Ref. 26. Generation of zonal

flows by electrostatic drift waves of arbitrary wavelength

size in electron-positron-ion plasmas was considered in Ref.

27. Generation of large-scale zonal flows by the small-scale

electrostatic drift wave turbulence in the magnetized plasma

under the action of mean poloidal sheared flow was dis-

cussed by Kaladze and Kharshiladze in recently appeared

paper.28

III. LINEAR REGIME

In the linear regime from Eqs. (9) and (10), we get the

following system of equations:

@u
@t
� q2

s

@

@t
D?u� q2

s xci
1

n0

dn0

dx

@u
@y
þ @w

@z
¼ 0 ;

@w

@t
¼ �v2

s

@u
@z

:

8>>><
>>>:

(11)

Derivation of the first equation over t and usage of the sec-

ond one gives the following coupled drift-ion acoustic waves

equation:

@2u
@t2
� q2

s

@2

@t2
D?u� q2

s xci
1

n0

dn0

dx

@2u
@t@y

� v2
s

@2u
@z2
¼ 0 : (12)

In ðk; xÞ space, we get the following appropriate algebraic

equation:

x2ð1þ k2
?q

2
s Þ � x kyq

2
s bnxci � k2

z v2
s ¼ 0 ; (13)

where bn ¼ � 1
n0

dn0

dx > 0: The roots of this equation are given

as follows:

x1;2 ¼
kyq2

s xcibn6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

yq
4
s x

2
cib

2
n þ 4k2

z v2
s 1þ k2

?q
2
s

� �q
2 1þ k2

?q
2
s

� � : (14)

Equation (14) defines fast x1 and slow x2 coupled drift ion-

acoustic waves.

As to the generated wave frequencies from Eq. (14),

we get the following expressions for the linear phase

velocities:

x
ky

� �
1;2

¼ v


2 1þ k2
?q

2
s

� � 16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

k2
z

k2
y

1

q2
s b

2
n

1þ k2
?q

2
s

� �s2
4

3
5:

(15)

Here, v
 ¼ bnq
2
s xci is diamagnetic drift velocity calculated

at the electron temperature. Let us consider the following

particular cases:

(a) In case of kz ¼ 0, we have the single drift waves

x 1 ¼
kyv


1þ k2
?q

2
s

: (16)

(b) In case of ky ¼ 0 (bn ¼ 0), we have the single ion-

acoustic waves

x1;2 ¼ 6
kzvsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ k2
xq

2
s

p : (17)

Note that owing to the coupling with drift waves ion-

acoustic waves become dispersive.

(c) In the case of sufficiently small longitudinal wave num-

bers kz � ky, we have the following mixed frequencies:

x1 ¼
kyv


1þ k2
?q2

s

1þ k2
z v2

s 1þ k2
?q

2
s

� �
k2

y v
 2

 !
; x2 ¼ �

k2
z v2

s

kyv

:

(18)

Here, x1;2 corresponds to the upper and bottom signs,

respectively, in Eq. (15).

(d) In the case of sufficiently small ky � kz, we get

x1 ¼
kzvsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ k2
?q

2
s

p 1þ kyv


2kzvs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

?q
2
s

p
 !

;

x2 ¼ �
kzvsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ k2
?q

2
s

p 1� kyv


2kzvs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

?q
2
s

p
 !

: (19)

IV. NONLINEAR REGIME

In this section, we will consider system of Eqs. (9) and

(10) for different scales of wavelengths and write down the

appropriate nonlinear equations.

A. Small and intermediate wavelengths k?qs � 1

Using the following estimations:

x 	 ky

���� 1

n0

dn0

dx

����q2
s xci 	 k2

?q
2
s xci

L

Ln
	 xci

L

Ln
	 kzvs; (20)

we find kz 	 1=Ln. Further comparing the first terms of both

sides in Eq. (10), we find w 	 kzuv2
s=x. Substituting here

x � kzvs, we get the estimation

xu 	 kzw 	
w

Ln
: (21)
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Under the conditions (20), (21), we get the following system

of simplified initial equations of the basic Eqs. (9) and (10)

(cf. Ref. 23):

@u
@t
�q2

s

@

@t
D?uþq2

s xcibn

@u
@y
�q4

s xciJ u;D?uð Þþ@w

@z
¼ 0 ;

@w

@t
þq2

s xciJ u;wð Þ¼�v2
s

@u
@z

:

8>>><
>>>:

(22)

B. Large-scale wavelengths k?qs � 1

As it seen from the estimation (20), the longitudinal

wave number kz 	 k?qs
1
Ln

. Analogously to Eq. (21), we have

xu 	 kzw 	 xcik
2
?q

2
s

L

Ln
u: (23)

Under these conditions, the basic equations (9) and (10)

can be reduced to the system

@u
@t
� q2

s

@

@t
D?uþ q2

s xcibn

@u
@y
� q2

s xcibTu
@u
@y
� q4

s xciJ u;D?uð Þ þ w
@u
@z
þ @w

@z
¼ 0 ;

@w

@t
þ q2

s xciJ u;wð Þ þ v2
s

@u
@z
¼ 0 ;

8>><
>>: (24)

where bT ¼ � 1
Te

dTe

dx > 0: Note that the vector and scalar non-

linearities in the Eq. (24) are equal by the order when

k2
?q

2
s 	 L=LT .

V. EXCITATION OF ZONAL FLOW

To consider the problem of zonal flow excitation by cou-

pled electrostatic drift-ion-acoustic waves, we will follow the

modified parametric method developed by Mikhailovskii

et al.20 for the system of equations describing drift-Alfven

waves (see also Ref. 29). In addition in what follows, we nor-

malize time by x�1
ci , lengths by qs, and velocity w by qsxci.

Obtained in Sec. IV systems, a system of dynamic non-

linear equations give the possibility to consider both the

zonal flow and ion’s parallel to magnetic field sheared flow

generation by the coupled drift-ion-acoustic waves. The

nonlinear vector and scalar nonlinearities in these equations

permit us to consider a three-wave interaction, in which the

coupling between the pump electrostatic drift-ion-acoustic

waves and side-band modes generates large-scale modes,

so called zonal flows. Since the zonal flow varies on a much

longer time scale than the comparatively small-scale cou-

pled waves, so one can use a multiple-scale expansion,

assuming that there is a sufficient spectral gap separating

the large- and small-scale motions. Accordingly, perturbed

quantities are split in 3-components, X ¼ ~X þ X̂ þ �X ;
where

~X ¼
X

k

~XþðkÞ exp ðik � r� ixktÞ þ ~X�ðkÞ exp ð�ik � rþ ixktÞ
� 	

;

X̂ ¼
X

k

X̂þðkÞ exp ðikþ � r� ixkþ tÞ þ X̂�ðkÞ exp ðik2 � r� ixk� tÞ þ c:c:
h i

;

�X ¼ �X0ðkÞ exp ð�iX tþ iqxxÞ þ c:c: ;

8>>>><
>>>>:

(25)

describe the spectrum of pump EM modes ( ~X�ðkÞ ¼ ~X


þðkÞ,

where 
 means the complex conjugate), the sideband modes

spectrum, and 1D zonal-flow mode, respectively. The fol-

lowing energy and momentum conservations are fulfilled

between the three waves: x6 ¼ X6x ; k6 ¼ qxex6k. There

exist small parameters

jXj
jxkj
	 jqxj
jk?j
� 1; (26)

which are typical for the zonal flow excitation problems.

A. Small and intermediate-scale structures, k?qs � 1 :

First, we will consider the intermediate-scale structures

case which can be described by the system (22). Substituting

Eq. (25) into the dimensionless system of (22) and neglect-

ing the contribution of small nonlinear terms (like the stan-

dard quasilinear procedure), we get the following system

for spectral components of the main pump drift-ion-acous-

tic modes:

xkð1þ k2
?Þ~u6 � bnky ~u6 ¼ kz ~w6;

xk ~w6 � kz ~u6 ¼ 0:



(27)

Solving this system, we get the dispersion relation (13) in

the following dimensionless form:

x2
kð1þ k2

?Þ � xkbnky � k2
z ¼ 0; (28)

having the general solution
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xk1;2 ¼
bnky6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2

nk2
y þ 4k2

z 1þ k2
?

� �q
2 1þ k2

?
� � : (29)

Equation (29) describes fast (xk1) and slow (xk2) drift-ion-

acoustic waves. When bn ¼ 0, we get the dispersive ion-

acoustic wave frequencies

xk1;2 ¼ 6
kz

1þ k2
?

� �1=2
: (30)

In the case of small kz ! 0, we have the following two

oscillations:

x1 ¼
bnky

1þ k2
?
; x2 ¼ �

k2
z

bnky
: (31)

The basic system of equations describing the evolution

of mean electrostatic potential and parallel to magnetic field

flows can be found in the following way:20,29

�iX�u0 ¼ R? ¼ �
q2

x

1þ q2
x

X
k

kyr? kð Þ ;

�iX�w0 ¼ RII ¼ qx

X
k

kyrII kð Þ ;

8>>><
>>>:

(32)

where

r?ðkÞ ¼ ~u�v̂þ � ~uþv̂�; rIIðkÞ ¼ ~u�k̂þ � ~uþk̂� : (33)

Here, ðX; qxexÞ is the frequency and wave vector of the

zonal-flow modes. The right-hand sides of Eq. (32) represent

the driving forces of zonal flows, which are the mean electro-

static stress (R?) and electromotive force (RII), respectively.

Note that the second equation in (33) is the evolution equa-

tion of the parallel to magnetic field mean flow. Auxiliary

sideband amplitudes in Eq. (33) are determined by

v̂6 ¼ � qx62kxð Þû6; k̂6 ¼ ŵ6 �
kz

xk

û6: (34)

Thus, in order to determine the functions (34), sideband

amplitudes should be found. These amplitudes satisfy the

following system of equations:

x6 1þk2
?6

� �
7bnky

� 	
û67kzŵ6¼7i q2

x� k2
?

� �
kyqx ~u6 �u0;

6kzû6�x6ŵ6¼6 i �w0�
kz

xk

�u0

� �
kyqx ~u6:

8><
>:

(35)

Note that energy and momentum conservation is

imposed on sideband frequencies x6 and wave vector k6 by

requiring that x6 ¼ X6x and k6 ¼ qxex6k. The solution

of the system (35) may be represented as

û6 ¼ i
kyqx ~u6

D6

�kz �w0 þ �u0

k2
z

x k

7x6 q2
x � k2

?
� �� �
 


;

ŵ6 ¼ i
kyqx ~u6

D6

7 �w0 x6 1þ k2
?6

� �
7bnky

h i
6�u0

kz

x k

x6 1þ k2
?6

� �
7bnky7xk q2

x � k2
?

� �h i
 

:

8>>><
>>>:

(36)

Here

D6 ¼ x2
6ð1þ k2

?6Þ7x6bnky � k2
z : (37)

Using Eq. (36) into Eq. (34), we get

k̂6 ¼ i
qxky

D6

~u6



7�u0

X
xk

kz k2
? � q2

x

� �
þ �w0 � �u0

kz

xk

� �
7X 1þ q2

x þ k2
?

� ��
� 2Xqxkx � xkq2

x72xkqxkx�


; (38)

v̂6 ¼ �i
kyqx

D6

qx62kxð Þ~u6

� �kz �w0 þ �u0

k2
z

x k

7x6 q2
x � k2

?
� �� �
 


: (39)

Using the superscripts “(1), (2),…” to indicate the order

of magnitudes with respect to qx and X, we represent Eq.

(37) as

D6 ¼ 6Dð1Þ þ Dð2Þ6Dð3Þ þ Dð4Þ ; (40)

where

Dð1Þ ¼ 2qxkxx2
k þ 2Xxkð1þ k2

?Þ � Xbnky ;

Dð2Þ ¼ X2ð1þ k2
?Þ þ q2

xx
2
k þ 4Xxkqxkx ;

Dð3Þ ¼ 2qxX
2kx þ 2Xxkq2

x ;

Dð4Þ ¼ X2q2
x :

8>>>><
>>>>:

(41)

Using the expansion over the small parameters (26) and

keeping only necessary main terms, we find finally for Eq. (32)

rII kð Þ ¼ i
qxkyX

D 1ð Þ2 Ik



�u0

kz

xk

�
�X2 1þ k2

?
� �

þ q2
x x2

k k2
? � 4k2

x

� �
þ k2

z

� �
þ 2Xqxkx

xk

k2
z � 2x2

k

� ��

þ�w0

�
X2 1þ k2

?
� �2 þ q2

x 4k2
xx

2
k � k2

z

� �
þ 2Xqxkx xk 1þ k2

?
� �

þ bnky

� ��

; (42)
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r? kð Þ ¼ �i
qxkyX

D 1ð Þ2 Ik



�u0

�
qx

�
x2

kk2
? 1þ k2

?
� �

� 4k2
xx

2
kk2
?

� 8k2
x k2

z þ
k4

z

x2
k

þ k2
z 1þ 2k2

?
� ��

� 2Xkx
k2

z

xk

�

þ�w0kz

�
2Xkx 1þ k2

?
� �

þ qx �
k2

z

xk

� xk 1þ k2
?

� �
þ 8k2

xxk

� ��

;

(43)

where Ik ¼ 2~uþ~u� ¼ 2j~uþj 2 is the intensity of pumping

waves.

Substitution of Eqs. (42), (43) into (32) gives the follow-

ing system of coupled linear equations for the mean electro-

static potential �u0 and parallel to external magnetic field

motion �w0:

�u0 ¼ Iu
?�u0 þ Iw

? �w0;

�w0 ¼ Iu
II �u0 þ Iw

II �w0:

(
(44)

Here

Iu
? ¼ �

q3
x

1þ q2
x

X
k

k2
y Ik

D 1ð Þ2



qx

�
x2

kk2
? 1þ k2

?
� �

� 4x2
kk2

x k2
?

� 8k2
x k2

z þ k2
z 1þ 2k2

?
� �

þ k4
z

x2
k

�
� 2Xkx

k2
z

xk



; ð45Þ

Iw
? ¼ �

q3
x

1þ q2
x

X
k

k2
y kzIk

D 1ð Þ2



2kxX 1þ k2

?
� �

þ qx

�
� k2

z

xk

� xk 1þ k2
?

� �
þ 8k2

xxk

�

; (46)

Iu
II ¼ �q2

x

X
k

k2
y kzIk

xkD 1ð Þ2



�X2 1þ k2

?
� �

þ q2
x k2

z þ x2
k k2
? � 4k2

x

� �� 	
þ 2Xqxkx

k2
z

xk

� 2xk

� �

;

(47)

Iw
II ¼ �q2

x

X
k

k2
y Ik

D 1ð Þ2



X2 1þ k2

?
� �2

þ q2
xxk 4k2

xxk �
k2

z

xk

� �
þ 2Xqxkx

� xk 1þ k2
?

� �
þ bnky

h i

: (48)

In these expressions, we can represent Dð1Þ [see Eq. (41)] in

the following way:

Dð1Þ ¼ 2xkð1þ k2
?Þ � bnky

� 	
ðX� qxVgÞ; (49)

where

Vg ¼
@xk

@kx
¼ � 2kxx2

k

2xk 1þ k2
?

� �
� bnky

; (50)

is the group velocity of pumping drift-ion-acoustic waves.

From the system (44), the following zonal flow disper-

sion equation follows

1� ðIu
? þ Iw

IIÞ þ Iu
?Iw

II � Iw
?Iu

II ¼ 0: (51)

Now, we deal with this equation for the monochromatic

wave packet of the primary waves, i.e., we consider a single

wave vector on the right-hand sides of Eqs. (45)–(48). Note

that all these expressions are proportional to the second

power of the small quantities (26). Thus, the right-hand sides

of these expressions are relevant only in the case if the value

X� qxVg is also small. Then, the coefficients (45)–(48) can

be calculated at X � qxVg. We find

X� qxVg

� �2
Iu
?jX¼qxVg

¼ �
q4

xk2
y Ik

½bnky � 2xk 1þ k2
?

� �
�3

� fb3
nk3

y þ b2
nk2

yxk �5 1þ k2
?

� ��
þ 8k2

x � k2
?� þ 4bnkyx

2
k

� ½k2
x 1� k2

?
� �

þ 2ð1þ k2
?Þ

2

þ 1þ k2
?

� �
k2
? � 6k2

x

� �
�

þ4x3
k 1þ k2

?
� �

½ 1þ k2
?

� �
4k2

x � k2
?

� �
þ k2

x 2k2
? � 1

� �
� 1þ k2

?
� �2�g ;

(52)

X� qxVg

� �2
Iw
?jX¼qxVg

¼ �
q4

xk2
y kzIk

½bnky � 2xk 1þ k2
?

� �
�3

�fb2
nk2

y þ 4bnkyxk 2k2
x � 1þ k2

?
� �� 	

þ4x2
k 1þ k2

?
� �

½ 1þ k2
?

� �
� 3k2

x �g ;
(53)

X� qxVg

� �2
Iu
II jX¼qxVg

¼ �
q4

xk2
y kzIk

½bnky � 2xk 1þ k2
?

� �
�4

� f�b3
nk3

y � b2
nk2

yxk 1þ 8k2
x

�
� 6 1þ k2

?
� �

� þ 4bnkyx
2
k

� ½�2k2
x � 3 1þ k2

?
� �2

þ 1þ k2
?

� �
1þ 7k2

x

� �
�

� 4x3
k 1þ k2

?
� �

½ 1þ k2
?

� �
1þ 6k2

x

� �
� 3k2

x � 2 1þ k2
?

� �2�g ; (54)

X� qxVg

� �2
Iw
II jX¼qxVg

¼ �
q4

xk2
yxkIk

½bnky � 2xk 1þ k2
?

� �
�4

� fb3
nk3

y þ b2
nk2

yxk 8k2
x � 5 1þ k2

?
� �� 	

þ4bnkyx
2
k 1þ k2

?
� �

½�5k2
x

þ 2 1þ k2
?

� �
� þ 4x3

k 1þ k2
?

� �2

� ½3k2
x � 1þ k2

?
� �

�g : (55)

With these expressions, we can show that last two terms in

Eq. (51) cancel each other, so the zonal flow dispersion equa-

tion is
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1� ðIu
? þ Iw

IIÞ ¼ 0: (56)

Using Eqs. (52) and (55), we can find the following general

expression for the squared zonal flow growth rate:

ðX� qxVgÞ2 ¼ �C2; (57)

where

C2 ¼
q4

xk2
yx

4
kIk

½k2
z þx2

k 1þ k2
?

� �
�4
f ½bnky� 2xk 1þ k2

?
� �

�4

þ 2b3
nk3

yxk 1þ 4k2
x

� �
þ4xkbnkyk2

z 1þ k2
?

� �
5þ 8k2

x

� �
þ 12k2

x k2
?

� 	
þx2

k½b2
nk2

y � 12x2
k 1þ k2

?
� �2� 1þ k2

?
� �

9þ 4k2
x

� ��
þ 32k2

x k2
?� þ 12x4

k 1þ k2
?

� �2

� 1þ k2
?

� �
8þ 3k2

x

� �
þ 29k2

x k2
?�g:

�
(58)

Let us consider the zonal flow generation by different

branches of coupled drift and ion-acoustic pumping waves.

(1) In case of single drift waves branch (16), when kz ¼ 0

and x1 ¼ bnky

1þk2
?
, we find from Eq. (58)

C2 ¼
q4

xk2
y k2
?Ik

1þ k2
?

� �2
1þ k2

y � 3k2
x

� �
: (59)

So the instability condition requires 1þ k2
y > 3k2

x
16 and

the fastest growth rate achieved when kx ¼ 0.

(2) In the case of the slow branch of the coupled drift and

ion-acoustic waves with the pumping frequency [see the

second solution in Eq. (18)] x2 ¼ � k2
z

bnky
ðkz ! 0Þ yields

C2 ¼ q4
xk2

y Ik: (60)

So, unlike (59), such instability needs no excitation con-

dition (i.e., exists spontaneously) and the growth rate

does not depend on kz.

(3) In the case of single ion-acoustic branch (17),

x1;2 ¼ 6 kz

ð1þk2
?Þ

1=2, ðbn ! 0Þ we get the following

expression:

C2 ¼
q4

xk2
y Ik

4 1þ k2
?

� �2
1þ k2

?
� �

1þ k2
x þ 4k2

y

� �
� 9k2

x k2
?

h i
:

(61)

Thus, the generation does not depend on the sign of x, i.e., it

is the same for both x1 and x2. The instability condition

requires

ð1 þ k2
?Þð1þ k2

x þ 4k2
yÞ > 9k2

x k2
?; (62)

and the fastest growth rate [as in the case (1)] is achieved

when kx ¼ 0. In addition as in the case (2), the growth rate is

not influenced by kz.

As to the parallel to the external magnetic field mean

flow generation problem, we find from Eq. (44)

�w0

�u0

¼ Iu
II

1� Iw
II

: (63)

Owing to the smallness of Iw
II / q2

x , we get approximately

[using Eq. (57)]

�w0

�u0

¼ Iu
II ¼

q4
xk2

y kzx4
kIk

C2 k2
z þx2

k 1þ k2
?

� �� 	4
�f�b3

nk3
y �b2

nk2
yxk 1þ8k2

x �6 1þk2
?

� �� 	
þ4bnkyx

2
k 1þ k2

?
� �

1þ7k2
x

� �
�3 1þ k2

?
� �2�2k2

x

h i
�4x3

k 1þ k2
?

� �
½ 1þk2

?
� �

1þ6k2
x

� �
�2 1þk2

?
� �2�3k2

x �g :
(64)

(1) In case of the slow branch, x2 ¼ � k2
z

bnky
, (kz ! 0) Eq.

(64) yields

�w0

�u0

¼ � kz

bnky
: (65)

(2) In case of the pure ion-acoustic waves x1;2 ¼ 6 kz

ð1þk2
?Þ

1=2

(bn ¼ 0), we get the excitation

�w0

�u0

¼ 6
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ k2
?

p 1þ 3k2
y þ 2k4

y � 4k4
x � 2k2

x k2
y

1þ 2k2
x þ 5k2

y þ 4k4
y � 8k4

x � 4k2
x k2

y

:

(66)

Note that in this case, the ratio (65) does not depend on kz.

B. Large-scale structures, k?qs � 1

Now we are going to investigate the zonal flow excita-

tion problem by large scale pumping drift- ion-acoustic

waves which is described by the system (24). Note that this

system contains two scalar and one vector nonlinearities. Of

course, the linear Eqs. (27)–(31) remain the same. The same

will also remain Eq. (32) for RII and rIIðkÞ, where new solu-

tions for sideband amplitudes should be insert. As to R? now

we have the following modified Eq. (32):

�iX�u0 ¼ R? ¼
1

1þ q2
x

X
k

r? kð Þ

¼ 1

1þ q2
x

X
k

~u�v̂þ � ~uþv̂�ð Þ ; (67)

where

v̂6 ¼ 6q2
x 2kxky6qxkyð Þû6 � ikz

kz

xk

û6 � ŵ6

� �
: (68)

We can find that now sideband amplitudes satisfy the

following system:
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x6 1þ k2
?6

� �
7bnky

� 	
û67kzŵ6 ¼ 7i q2

x � k2
?

� �
kyqx ~u6 �u07bTky ~u6 �u06kz �w0 ~u6;

6kzû6 � x6ŵ6 ¼ 6i �w0 �
kz

xk

�u0

� �
kyqx ~u6:

8><
>: (69)

Solutions of the system (69) are

û6 ¼
~u6

D6

kz �ikyqx6x6ð Þ�w0 þ �u0ky i
k2

z

x k

qx7x6 i q2
x � k2

?
� �

qx þ bT

� 	� �
 

;

ŵ6 ¼
~u6

D6

�w0 k2
z 7ikyqx x6 1þ k2

?6

� �
7bnky

� �h i
þ �u0 6i

kz

x k

kyqx x6 1þ k2
?6

� �
7bnky

h i
� kzky i q2

x � k2
?

� �
qx þ bT

� 	� �
 

;

8>>><
>>>:

(70)

where D6 is defined by Eq. (37), so Eqs. (40) and (41) also

remain valid.

As previously, using the expansion over the small

parameters (26) and keeping only necessary main terms, we

find the following zonal flow driving forces:

R? ¼
q2

x

1þ q2
x

X
k

kyIk

D 1ð Þ2



�u0ky

�
iq2

x

k2
z

xk

þxkk2
?

� �

� 2qxkxx
2
kþ 2Xxk 1þ k2

?
� �

�Xbnky

� �

�XbT 2Xkx
k2

z

xk

þ qxx
2
k 1þ k2

? � 4k2
x

� �
þ qxk2

z

� ��

þ �w0kz

�
X

�
2Xkx

k2
z

xk

þ qxx
2
k 1þ k2

?
� �

þ qxk2
z � 4x2

kqxk2
x

�

�iq2
xky 2qxkxx

2
kþ 2Xxk 1þ k2

?
� �

�Xbnky

� ��

; (71)

RII ¼ Xqx

X
k

kykzIk

xkD 1ð Þ2 f�bTky �u0 X2 1þ k2
?

� ��
þ q2

xx
2
k þ 4Xxkqxkx� þ kz �w0 X2 1þ k2

?
� ��

þ q2
xx

2
k þ 4Xxkqxkx�g: (72)

Now we use relations (32) to obtain the system (44),

where

Iu
?¼�iq2

x

X
k

k2
y Ik

D 1ð Þ2bT 2Xkx
k2

z

xk

þqxx
2
k 1þk2

?�4k2
x

� �
þqxk2

z

� �
;

(73)

Iw
? ¼ iq2

x

X
k

kykzIk

D 1ð Þ2 2Xkx
k2

z

xk

þ qxx
2
k 1þ k2

? � 4k2
x

� �
þ qxk2

z

� �
;

(74)

Iu
II ¼ �iqx

X
k

k2
y kzbTIk

xkD 1ð Þ2 X2 1þ k2
?

� �
þ q2

xx
2
k þ 4Xxkqxkx

� 	
;

(75)

Iw
II ¼ iqx

X
k

kyk2
z Ik

xkD 1ð Þ2 X2 1þ k2
?

� �
þ q2

xx
2
k þ 4Xxkqxkx

� 	
:

(76)

As it was explained previously we need the coefficients

(73)–(76) at the value X ¼ qxVg, where the group velocity

Vg is defined by Eq. (50). So we have

X� qxVg

� �2
Iu
?jX¼qxVg

¼ �i
q3

xk2
y IkbT

bnky � 2xk 1þ k2
?

� �� 	 3
f4k2

x k2
z xk þ bnkyk2

z

� x3
k 1þ k2

?
� �

1þ k2
? � 4k2

x

� �
�2xk 1þ k2

?
� �

k2
z � xk 1þ k2

? � 4k2
x

� �
k2

z g; (77)

X� qxVg

� �2
Iw
?jX¼qxVg

¼ i
q3

xkykzIk

bnky � 2xk 1þ k2
?

� �� 	
3
f4k2

x k2
z xk þ bnkyk2

z

� x3
k 1þ k2

?
� �

1þ k2
? � 4k2

x

� �
�2xk 1þ k2

?
� �

k2
z � xk 1þ k2

? � 4k2
x

� �
k2

z g; (78)

X� qxVg

� �2
Iu
IIjX¼qxVg

¼ �i
q3

xk2
y kzxkbTIk

bnky � 2xk 1þ k2
?

� �� 	
4
fb2

nk2
y � 4xkbnky

� 1þ k2
? � 2k2

x

� �
þ 4x2

k 1þ k2
?

� �
1þ k2

? � 3k2
x

� �
g; (79)

ðX� qxVgÞ2Iw
II jX¼qxVg

¼ i
q3

xk2
z kyxkIk

bnky � 2xkð1þ k2
?Þ

� 	 4

� fb2
nk2

y � 4xkbnkyð1þ k2
? � 2k2

xÞ

þ 4x2
kð1þ k2

?Þð1þ k2
? � 3k2

xÞg:
(80)

Now we can show that the zonal flow dispersion equation

(56) remains valid. Thus, we can get the following expres-

sion for the squared zonal flow growth rate:
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ðX�qxVgÞ2 ¼ i
q3

xkyIkx4
k

k2
z þ x2

kð1þ k2
?Þ

� 	 4

� fbTð1þ k2
?Þxkkyk2

z ð20k2
xxk þ 5bnkyÞ

�x2
kbTkyð1þ k2

?Þ
2½7k2

z þ x2
kð1þ k2

?Þ
� 4k2

xx
2
kÞ� � bTk2

z bnk2
yðbnky þ 8k2

xxkÞ
þ b2

nk2
y k2

z xk � 4x2
kk2

z bnkyð1þ k2
? � 2k2

xÞ
þ 4x3

kk2
z ð1þ k2

?Þð1þ k2
? � 3k2

xÞg: (81)

Let us consider the following cases:

(1) In case of single drift waves, when kz ¼ 0 and

x1 ¼ bnky

1þk2
?
, we find from Eq. (81)

ðX� qxVgÞ2 ¼ �iq3
xk2

ybTIk: (82)

(2) Other slow branch x2 ¼ � k2
z

bnky
, ðkz ! 0Þ yields

X� qxVg

� �2 ¼ �i
q3

xbTk2
z

b2
n

Ik: (83)

(3) In the case of single ion-acoustic branch x1;2 ¼ 6 kz

ð1þk2
?Þ

1=2,

ðbn ! 0Þ, we get the following expression from (81):

X� qxVg

� �2 ¼ �i
1

4
q3

xkyIk 2bTky7kz

� �
: (84)

Parallel to the magnetic field mean flow generation rate, we

can find analogously to Eq. (64)

�w0

�u0

¼ Iu
II ¼ �i

q3
xk2

y kzx5
kbTIk

X� qxVg

� �2
k2

z þ x2
k 1þ k2

?
� �� 	4

� fb2
nk2

y � 4xkbnky 1þ k2
? � 2k2

x

� �
þ 4x2

k 1þ k2
?

� �
1þ k2

? � 3k2
x

� �
g : (85)

Here, the value of X� qxVg is defined by Eq. (81). We see

that mean flow �w0 is exciting only when kz 6¼ 0.

(1) For the case (83), we get

�w0

�u0

¼ � kz

bnky
: (86)

We see that the ratio is not influenced by the temperature

gradient bT .

(2) For the case of ion-acoustic branch (84), we get

�w0

�u0

¼ 6
kybT

2bTky7kz
: (87)

So again, x1 and x2 generation has the opposite sign.

VI. CONCLUSION

The analysis given in the presented paper shows how

sheared zonal flows are generated by low-frequency coupled

electrostatic drift and ion-acoustic waves. According to labo-

ratory plasma experiments,5,21,22 main attention to large-

scale (k?qs � 1) drift-ion-acoustic waves is given. Carried

out investigation provides an essential nonlinear mechanism

for the spectral energy transfer from small-scale drift-ion-

acoustic waves to large-scale enhanced zonal flows.

In Sec. II valid for arbitrary wavelengths of primary

waves basic system of nonlinear equations consisting of the

general HM equation for electrostatic potential and equation

describing parallel to magnetic field ions motion is obtained

[see Eqs. (9) and (10)].

In Sec. III, a linear regime of coupled drift-ion-acoustic

waves is given in detail and different limiting frequencies

are obtained [see Eqs. (16)–(19)]. In consequence of cou-

pling with drift waves, ion-acoustic waves become disper-

sive [see Eq. (17)].

In Sec. IV, primary waves of different wavelength-

scales are considered and the appropriate system of nonlinear

equations is obtained. Namely, it is shown that for the small

and intermediate wavelengths (k?qs � 1), the dynamical

system of Eq. (22) is valid which contains only vector non-

linearity and respectively describes dipole structures. In the

case of large-scale wavelengths (k?qs � 1), electrons tem-

perature gradient effects become important forming KdV

type scalar nonlinearity along with other nonlinearities com-

ing from the ions parallel to magnetic field motion [see

Eq. (24)].

In Sec. V, the generation of sheared zonal flows by com-

paratively small-scale electrostatic coupled drift-ion-acoustic

waves in laboratory plasmas is investigated. The generation

is due to the parametric excitation under the three-wave

interaction, in which the coupling between the pump electro-

static drift-ion-acoustic waves and side-band modes gener-

ates large-scale modes, so called zonal flows [see Eq. (25)].

Actually the zonal flow is spontaneously generated from the

pumping drift-ion-acoustic wave fluctuations via the action

of electrostatic stress R? and electromotive force RII [see Eq.

(32)]. To describe the process system of basic equations (22)

and (24) is used. Corresponding general expressions for the

squared zonal flow growth rate are obtained in the case of

small and intermediate ðk?qs � 1 Þ and large-scale ðk?qs �
1Þ pumping waves [see Eqs. (57), (58), and (81)]. It is shown

that in the case of small and intermediate excitation vector

nonlinearity plays the main role and for the generation neces-

sary excitation conditions are needed. It is found that the

wave vector of the fastest growing mode is perpendicular to

that of the drift-ion-acoustic pump wave [see Eqs. (59) and

(61)]. In the case of large-scale excitation due to the elec-

trons temperature gradient scalar nonlinearities became

responsible for the sheared zonal flow generation and in con-

trast to small-scale turbulence no generation conditions are

needed. In addition the growth rate in the case of large-scale

excitation is more (	q3=2
x ) compared to the small and inter-

mediate excitation (	q2
x). That is why observed in laboratory

experiments large-scale drift waves fluctuations spontane-

ously excite the sheared zonal flow. Explicit expressions for

the maximum growth rate are obtained in particular, cases

[see Eqs. (59)–(61) and (82)–(84)].

In addition, we have shown that owing to the existence

of ion-acoustic waves mean sheared flow of ions can be gen-

erated along the equilibrium toroidal magnetic field. General
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expressions for such flows are obtained both for the interme-

diate and large-scale coupled drift-ion-acoustic waves [see

Eqs. (64) and (85)]. Corresponding explicit expressions for

such toroidal flow are obtained in particular cases [see Eqs.

(65), (66), (86), and (87)].

Let us estimate obtained growth rates numerically.

In the case of small and intermediate-scale structures

ðk?qs � 1 Þ, we get the following estimation for the zonal

flow growth rate from obtained Eqs. (59)–(61):

c 	 xci
qx

ky

� �2

ðkyqsÞ3
���� e~uþ

Te

����: (88)

For the chosen experimental observations5,21,22

xci 	 108s�1; kyqs 	 5; je~uþ=Tej 	 10�1; qx=ky 	 10�1 ;

we get c � 107 s�1, which is consistent with existing obser-

vations. As to the amplitude of toroidal zonal flow, from Eq.

(66), we have the following estimation:

�w0

�u0

	 1

kyqs

: (89)

So such as toroidal zonal flow is only several times less

than poloidal one.

From obtained Eqs. (82)–(84), in the case of large-scale

structures ðk?qs � 1 Þ, we note the importance of electrons

temperature space inhomogeneity for the unconditional

zonal flow generation. We get the following estimation for

the zonal flow growth rate:

c 	 xci
qx

ky

� �3=2

kyqsð Þ 5=2 bTqsð Þ 1=2

���� e~uþ
Te

���� : (90)

For the typical experimental data5,21,22

xci 	 108s�1; kyqs 	 0:3 ; bTqs 	
qs

LT
	 0:1

10
¼ 10�2;

e~uþ
Te
	 10�1;

qx

ky
	 0:1;

we get c 	 103 s�1, which is 104 times smaller than that

obtained in the small-scale turbulence [see Eq. (88)].

However, it seems that the large-scale case of turbulence is

more typical for laboratory plasmas.5,21,22 As to the ampli-

tude of toroidal zonal flow in the case of large-scale turbu-

lence ðk?qs� 1Þ from Eq. (87), we get the estimation

�w0

�u0

	 1 : (91)

Thus, the excited toroidal zonal flow amplitude is of order of

the poloidal one. Observe that typical drift waves frequency

value x 	 kyv
 	 105–107s�1 :
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