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Generation of sheared zonal flow by low-frequency coupled electrostatic drift and ion-acoustic
waves is presented. Primary waves of different (small, intermediate, and large) scales are consid-
ered, and the appropriate system of equations consisting of generalized Hasegawa-Mima equation
for the electrostatic potential (involving both vector and scalar nonlinearities) and equation of par-
allel to magnetic field ions motion is obtained. It is shown that along with the mean poloidal flow
with strong variation in minor radius mean sheared toroidal flow can also be generated. According
to laboratory plasma experiments, main attention to large scale drift-ion-acoustic wave is given.
Peculiarities of the Korteweg-de Vries type scalar nonlinearity due to the electrons temperature
non-homogeneity in the formation of zonal flow by large-scale turbulence are widely discussed.
Namely, it is observed that such type of flows need no generation condition and can be spontane-
ously excited. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4989708]

I. INTRODUCTION

Drift waves play a decisive role in the magnetic trapping
of plasma. Drift waves were predicted by Rudakov and
Sagdeev' and later Mikhailovskii*™* has contributed to under-
standing of the problem. A comprehensive survey of the drift
waves turbulence and associated anomalous transport was elu-
cidated by Horton.” Nonlinear dynamics of drift waves in
plasmas is primarily described by the classical Hasegawa-
Mima (HM) equation,®’ providing different solutions which
involve turbulent, coherent, and wave behaviors. It should be
noted that the nonlinear term in the standard HM equation has
the structure of type J(a, b) = [Va x Vb]_, where a and b are
certain functions of wave field. Such nonlinearity is called
vector nonlinearity and provides the existence of dipolar non-
linear structures. On the importance of other, so called scalar,
Korteweg-de Vries (KdV) type nonlinearity o< ¢ in the non-
linear theory of drift waves was indicated by Petviashvili.®
Scalar nonlinearities are responsible for the existence of
monopolar nonlinear structures. Simultaneous accounting of
both vector and scalar nonlinearities first was performed by
Petviashvili” when investigating the problem of Jovian Great
Red Spot. The comprehensive analysis of both (monopolar
and dipolar) types of drift vortical structures was given by
Mikhailovskii.'® Later, Nezlin and Chernikov'" elucidated the
new localizing role of vector and scalar nonlinearities in the
process of formation of solitary nonlinear structures and
emphasized that depending on the wavelengths scale drift
waves turbulence should be described by the more complex,
so called generalized HM equation.

The other problem which is closely connected with drift
wave turbulence is the generation of sheared zonal flow
spontaneously arising in laboratory plasmas as a conse-
quence of the secondary instability of plasma due to the non-
linear interaction between the primary oscillations. The
nonlinear vector and scalar terms in the equations permit us
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to consider a three-wave interaction, in which the coupling
between the pump electrostatic drift-ion-acoustic waves and
side-band modes generates large-scale modes, so called
zonal flows. Actually, the zonal flow is spontaneously gener-
ated from small-scale drift wave fluctuations via the action
of Reynolds stresses. This problem have been attracted a sci-
entific attention because according to the acceptable state-
ment sheared zonal flow suppresses plasma turbulence and
reduces the anomalous transport of heat and particles across
the magnetic surfaces due to the energy transport toward
large scale structures as a result of the inverse energy cas-
cade. Basically carried out investigations on sheared zonal
flow generation problem by the electrostatic drift waves can
be divided into two classes. The first one invokes the classi-
cal coherent parametric instability method to study the gen-
eration of sheared zonal ﬂow,lz_l7 whereas the second class
uses the representation of electrostatic drift waves by a
wave-kinetic equation coupled to the zonal flow equa-
tion.'®'? The new methodical achievement was developed
by Mikhailovskii et al.”® where the parametric approach
was modified assuming the spectrum of primary modes to be
arbitrary (instead of monochromatic consideration).

In the present work, we consider the possibility of gen-
eration of zonal flow on the low-frequency coupled electro-
static drift and ion-acoustic waves. As in the tokamak
plasma experiments™>"*? mainly large-scale drift waves
(ki p; < 1, where p, is the ion Larmor radius defined at the
electron temperature) are observed we will draw our atten-
tion to the large-scale solitary structures and derive the gen-
eralized HM equation for the coupled drift-ion-acoustic
waves. In Sec. II, a system of basic equations comprising the
general HM equation for electrostatic potential and equation
describing parallel to magnetic field ions motion valid for
arbitrary wavelengths of primary waves is obtained. In Sec.
I, a linear regime is considered in detail. In Sec. IV a

Published by AIP Publishing.
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system of basic nonlinear equations (obtained in Sec. II) is
separately considered in accordance with the wavelengths
(small, intermediate, and large scales) of primary waves. In
Sec. V, we consider the possibility of sheared zonal flow
generation by coupled electrostatic drift-ion-acoustic waves.
In Sec. VI, we discuss obtained results.

Il. BASIC EQUATIONS

We consider electrostatic low-frequency waves with
the frequency much smaller than the ion cyclotron fre-
quency (i.e., <K @) in a magnetized (with the magnetic
field Be,) and inhomogeneous (with the density ng(x) and
temperature T,(x)) plasma. The linear waves in the form of
drift and ion-acoustic waves are known to exist in such a
plasma if the phase velocity in the direction of the magnetic
field, w/k. is between the electron and the ion thermal
velocities, v, and vr;.

The equations needed for a more complete description
of low-frequency electrostatic drift and ion-acoustic
waves in plasmas are the equations of motion and conti-
nuity for the ions, and the Boltzmann distribution of the
electrons

&-l-(V'V)V:—EV(P—FG)a‘VXGZ» (1)
ot m
On
E+V-(nv):0, 2)
n = no(x)exp (Tez[;))' 3)

Here, n, v, e, and m are the ion density, velocity, charge, and
mass, respectively, ¢ (¢,x,y,z) is the electrostatic potential,
and w.; = eB/m is the ion cyclotron frequency. We assume
the plasma to be quasineutral, so that n, = n. The magnetic
field B = Be, is assumed to be constant and homogeneous,
and T, > T;, which means that we can neglect the ion pres-
sure in the equation of motion. The equilibrium density 79 (x)
and electron temperature T, (x) are both assumed to be inho-
mogeneous in the x direction.

According to Eq. (3), electrons attain thermal equilib-
rium along the magnetic field lines, so we must require that
the phase velocity of the electrostatic perturbations along the
magnetic field w/k, < vr,. It also has to be smaller than the
Alfven velocity ¢4 = B/(ugnom)"/> which means that the
magnetic field perturbations due to the parallel current can
be neglected. Hence, k, must be finite.

We consider the coupling of drift waves with ion-
acoustic ones and assume the weak z dependence of the
fields. Taking the curl of Eq. (1) and using Eq. (2), we get

the following “freezing-in field equation™:*

(210o0) (258) _(s0r2 ),
ot n n

where = V x v is the vorticity. The obtained equation is
valid for the 3D perturbations, and the new term on the right-
hand side describes vortex stretching (cf. Ref. 16).

Phys. Plasmas 24, 072302 (2017)

Further, we will use the small expansion parameter &,

10 1 0 Q eop L

—~

E N ——~N—~N— ~
Wi ot szTe ot Wei Te Ln,T

<1, (3

where L is the typical length scale of the fluctuations, and
L, 7 is the inhomogeneity scale of the equilibrium density
and temperature, respectively. The characteristic wave dis-
persion scale length is p, = (T,/ mwfi)l/ *, which represents
the ion Larmor radius defined at the electron temperature 7.
To express Eq. (4) in terms of potential ¢ (1, x,y,z), we
represent the total particle velocity as v = v, + e,w. For
low-frequency waves o < o, Eq. (1) implies'’

Vi =Vg+vy, (6)

where vz is the electric drift velocity (or cross field drift
velocity) defined as

1 1
VE:Eeszﬂp:EExez, (7)

and v; is the inertial part of the transverse velocity

1 do
=€ X—VE, 8
A/ o e, X dr VE ( )
where do/dt = 0/0t + vg -V +w0/0z.
Taking into account the conditions (5) and substituting
Egs. (6)—(8) into the z component of Eq. (4), we get the fol-
lowing expression for the electrostatic potential:

%? - pf%AﬂP - pf@a%%%} +pi0ar
X %@8@—(5 — pload (o, ALp) + wg—f—kg—j
- PfW%AUP + P?Aﬂﬂaa—vzv - P%aa—:%
—ng—yg’jg;: 9)

Other equation describing the parallel to magnetic field ions
motion, we will get from the z component of the equation of
motion (1) as

0 0 0
_W_A'_p%wa.](qp’w)_i'_w_wz 200

1 oz oz (10)

Here, v, = (T./m)"/* is the ion-acoustic speed and the
Jacobian J(a,b) = d.ad,b — 8,ad,b, and A, = 5*/0x* +
0% /0y? is the 2D Laplacian. Equations (9) and (10) compose
the initial closed system of equations valid for arbitrary
ki p,. In the both equations, potential ¢ is normalized by
T,/e. As to the ions parallel motion Eq. (10), it contains both
vector and scalar nonlinearities.

Compared to the classical HM equation with respect to
drift waves, the generalized Eq. (9) contains additional new
scalar nonlinearity of KdV type: pfcop,-%”g;f‘ ® g—;” The stan-
dard HM equation containing only the vector nonlinearity
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pwqJ (@, ALp) is valid only for the small-scale structures
when the characteristic size L < p; and predicts the exis-
tence only of dipolar vortices (cyclone-anticyclone pairs).
Solitary monopole type vortices (i.e., either cyclones or anti-
cyclones) can be described only by the generalized HM
equation of type (9) containing scalar nonlinearities.
Monopole type solitary structures were first observed in lab-
oratory modeling of solitary Rossby vortices.>* Kaladze
et al*® showed numerically that the presence of the scalar
nonlinearity plays the role of instability forming monopole
vortical structures of definite polarity as a result of breaking
large-scale dipole ones. The generalized HM equation for
the electrostatic drift waves in connection with the zonal
flow generation was obtained by Kaladze er al.'® Dynamics
of large-scale drift vortical structures in electron-positron-
ion plasmas was discussed in Ref. 26. Generation of zonal
flows by electrostatic drift waves of arbitrary wavelength
size in electron-positron-ion plasmas was considered in Ref.
27. Generation of large-scale zonal flows by the small-scale
electrostatic drift wave turbulence in the magnetized plasma
under the action of mean poloidal sheared flow was dis-
cussed by Kaladze and Kharshiladze in recently appeared

paper.”®

lll. LINEAR REGIME
In the linear regime from Egs. (9) and (10), we get the

following system of equations:

dop 5,0 o Ldngde  Ow

o Pt e ey T e T an
8_w zaﬁo
ot 582

Derivation of the first equation over ¢ and usage of the sec-
ond one gives the following coupled drift-ion acoustic waves
equation:

oo 5 0?
A 2
atz —Psaa o 1P — psw

262(/’ —0.
“ny dx 0tdy

Vi o2 (12)
In (k, @) space, we get the following appropriate algebraic
equation:

o*(1+ K2 p) — wkyp? B0 — KV: =0, (13)
where f§, = — ni‘il"; > 0. The roots of this equation are given
as follows:

kyp?wﬂﬁn—\/kzpswuﬁ +4k2V2( +kLps)
2(1+41p3) '

w1p = (14)

Equation (14) defines fast «; and slow w, coupled drift ion-
acoustic waves.

As to the generated wave frequencies from Eq. (14),
we get the following expressions for the linear phase
velocities:
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] 1_\/1+4k2 21/3 (14 &% p2)

(15)

£). "=+ Em
6), 20

Here, v* = B,pw,; is diamagnetic drift velocity calculated
at the electron temperature. Let us consider the following
particular cases:

(a) Incase of k. = 0, we have the single drift waves

k
0=V (16)
1+ kLps

(b) In case of k, =0 (B, =0), we have the single ion-
acoustic waves

kzvx

VI+Rp

Note that owing to the coupling with drift waves ion-
acoustic waves become dispersive.

(c) In the case of sufficiently small longitudinal wave num-
bers k. < ky, we have the following mixed frequencies:

S A A R e O V) AR
1 — 2 9 + W
1+kLps

vz kyv* '
Here, w;, corresponds to the upper and bottom signs,
respectively, in Eq. (15).
(d) Inthe case of sufficiently small k, < k., we get

wip =%

7)

(18)

kv kyv*
0] o 14 J ,
T TR < 2%y /1 +kip§>

kv kyv*
w, = - ) . (19)
wl—&-kpr ( Zka“/l—i—kip?)

IV. NONLINEAR REGIME

In this section, we will consider system of Egs. (9) and
(10) for different scales of wavelengths and write down the
appropriate nonlinear equations.

A. Small and intermediate wavelengths k, p; > 1

Using the following estimations:

1d L
@ ~ ky nog ?w(‘i ~ kipgme_ ~ wciL_ ~ szS7 (20)
we find k, ~ 1/L,. Further comparing the first terms of both

sides in Eq. (10), we find w ~ k_,(pvf /. Substituting here
o =~ k,v,, we get the estimation

w(kaZWNLK. 2D

n



072302-4 Kaladze, Kahlon, and Tsamalashvili

Under the conditions (20), (21), we get the following system
of simplified initial equations of the basic Eqs. (9) and (10)
(cf. Ref. 23):

ow
(Uct ((PyALQD) :0,

8@ , 0
AL¢+p3wuﬁ Oz

o P

ow

54— p?a)d]((p,w) S
(22)

8(/) , 0

8 pv 8ZAL +pkuﬁn a
ow 8
E—"_pswci*]((ﬂa ) 6 :0

where f = — L4

Td > 0. Note that the vector and scalar non-
linearities in the Eq (24) are equal by the order when

kva ~ L/LT.
V. EXCITATION OF ZONAL FLOW

To consider the problem of zonal flow excitation by cou-
pled electrostatic drift-ion-acoustic waves, we will follow the
modified parametric method developed by Mikhailovskii
et al®® for the system of equations describing drift-Alfven
waves (see also Ref 29). In addition in what follows, we nor-
malize time by w_", lengths by p,, and velocity w by p,w,;.

(‘I’

op

2

g' w(riﬂ Q=
T ay
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B. Large-scale wavelengths k, p; < 1

As it seen from the estimation (20), the longitudinal
wave number k. ~ k p, Li Analogously to Eq. (21), we have

L
wQ NkWNwHkJ_pAL ®. (23)

Under these conditions, the basic equations (9) and (10)
can be reduced to the system

0 0
p?wcl‘]((/)aALq)) +w (p+ v = Oa
0z 0z

(24)

zonal flow and ion’s parallel to magnetic field sheared flow
generation by the coupled drift-ion-acoustic waves. The
nonlinear vector and scalar nonlinearities in these equations
permit us to consider a three-wave interaction, in which the
coupling between the pump electrostatic drift-ion-acoustic
waves and side-band modes generates large-scale modes,
so called zonal flows. Since the zonal flow varies on a much
longer time scale than the comparatively small-scale cou-
pled waves, so one can use a multiple-scale expansion,
assuming that there is a sufficient spectral gap separating
the large- and small-scale motions. Accordingly, perturbed

Obtained in Sec. IV systems, a system of dynamic non- quantities are split in 3-components, X =X +X + X |,
linear equations give the possibility to consider both the where
|
X = [X,(k)exp (ik - —iont) + X (k) exp (—ik - T + ioxt)]
K
X = Z[ X, (k) exp (ik, -1 — iy, t) + X _(K)exp (k- -1 — iy 1) + c.c.} , (25)

X = Xo(k) exp (—iQt + ig.x) + c.c.

describe the spectrum of pump EM modes (X _ (k) = X i(k),
where * means the complex conjugate), the sideband modes
spectrum, and 1D zonal-flow mode, respectively. The fol-
lowing energy and momentum conservations are fulfilled
between the three waves: w+ = Q*+w, k+ = g,e,=k. There
exist small parameters

log|  [kL]

Q

which are typical for the zonal flow excitation problems.

A. Small and intermediate-scale structures, k, p; > 1.

First, we will consider the intermediate-scale structures
case which can be described by the system (22). Substituting

Eq. (25) into the dimensionless system of (22) and neglect-
ing the contribution of small nonlinear terms (like the stan-
dard quasilinear procedure), we get the following system
for spectral components of the main pump drift-ion-acous-
tic modes:

§r

2 ~
{ o km Z I @n
oW+ — k. = 0.

Solving this system, we get the dispersion relation (13) in
the following dimensionless form:
W (1+ K1) — ok, — k2 =0, (28)

having the general solution
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Kt B+ 42 (14 13)
2(1+4%)

Wk1p = (29)

Equation (29) describes fast (wy;) and slow (wy,) drift-ion-
acoustic waves. When f5, =0, we get the dispersive ion-
acoustic wave frequencies

= tk— (30)

(L)kl,z (1 +ki)]/2

In the case of small k., — 0, we have the following two
oscillations:

ﬁnk)’ _ kz2
L+ 7 Bk
The basic system of equations describing the evolution

of mean electrostatic potential and parallel to magnetic field
flows can be found in the following way:

1+ zzkyi

—iQwo = R = ¢« Z kyru (k
K

w) =

3D

(32)
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’l(k) = (bff(Jr - (7)+5{77 VII(k) = (,7)7}~+ - §~0+i— . (33)
Here, (Q, g.e,) is the frequency and wave vector of the
zonal-flow modes. The right-hand sides of Eq. (32) represent
the driving forces of zonal flows, which are the mean electro-
static stress (R, ) and electromotive force (Ry), respectively.
Note that the second equation in (33) is the evolution equa-
tion of the parallel to magnetic field mean flow. Auxiliary

sideband amplitudes in Eq. (33) are determined by

k:
¢ (34)
(W

A,i :Wt—

Thus, in order to determine the functions (34), sideband
amplitudes should be found. These amplitudes satisfy the
following system of equations:

[wt (1 +k2Lt) Iﬁnky] 601 Ikzﬁ/, =

. . k. -
Tl —wewe =F1 wo—(p0>kyqx(p+.

Ii(qf - ki)kyq,r&)i Pos

(35)

Note that energy and momentum conservation is
imposed on sideband frequencies w+ and wave vector k+ by
requiring that o+ = Q*® and k+ = g,e, =K. The solution

where of the system (35) may be represented as
kyqx @ K2
G =i y4x¢ { kw0+(p0[_~/1w+(q —kz)}}
Dt K
kyqy @ k (36)
R {:wo (02 (1+8.) % B,k £go-- (02 (14 8.) 7 kT on (¢ —k2)]}
+ k
|
Here D. =+pW 1 p@+pB 4 p® , (40)
where
D+ = (1 + K. )Fosp .k, — k. (37)
DY = 2q.k,0} +2Qux (1 + k) — QB k,
Using Eq. (36) into Eq. (34), we get D® = QX1+ 12) + ¢P? + 4Quiqk | an

A qiky __Q
b =i %{Hpow_kkz(ki )
_ _ ko \r_
+ (o -, >[+Q(l+qf+ki)
Wk
—2Qq.k, — wkq\+2wkquv]} (38)
~ .kyqx + ~
+ = — )_2k\- +
X+ ZDi( )P
_ _ kzz— 2 2
x 9 —k:wo + @ > +a)i(qx—kl) . 39)
k

Using the superscripts “(1), (2),...” to indicate the order
of magnitudes with respect to ¢, and Q, we represent Eq.
(37) as

DB = ZqXQka + Zkaqx ,
= quz

Using the expansion over the small parameters (26) and
keeping only necessary main terms, we find finally for Eq. (32)

kyQ
ru(k) = i {

k.
e s |02+ 8)

20q.ke (5 5
20 2 - 20f)|

+wo [92(1 + ki)2 + ¢ (42w} — &)

+q; (op (K —4K) +K2) +

+20g.k (o (1 +12) + ﬁnkyﬂ } : “2)
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ky Q
o) =~ %02 0o ar (0 (1-412) - 40t
K k?
— 8K + 2+k2( +2ki)> — 2Qk, = }
e T .
+Wok. {ZQk (1+47)
k? 2 2
+ gy - (1 +kL) +8kxwk s
Wk
(43)
where Iy =20 . ¢_ = 2|(~p+|2 is the intensity of pumping
waves.

Substitution of Egs. (42), (43) into (32) gives the follow-
ing system of coupled linear equations for the mean electro-
static potential ¢, and parallel to external magnetic field
motion w:

0o =170, + "Wy,
{(/)0 1%o 1Wo (44)

e o
wo = Iy ¢ + Iijwo.
Here

3
f=- 1+q2z

— 8K + K21+ 26%) +

ka

{ [wﬁki(l L) — 4l

gomt) o

K Wy
7 K2k Iy ,
I =- quz {2le+k)
+q{ (1 +k2)—|—8kfwk]}, (46)
Wy

Z kklk { (14 82)

k2
PR+ R (1 —82)] + 200k, (w_k _ 2wk> }
47)
, K21y )
I =—¢ ZDY(I)Z {92(1 +Kk7)
k
k2
+ ¢ o <4k3wk - —~’> +2Qq .k,

, o

x [on(1+12) + Bk } (48)

In these expressions, we can represent D) [see Eq. (41)] in
the following way:

DY = [20(1 4+ k%) = Bk ) (Q = q.V,),  (49)

where

Ow 2k, w?
Vg:akk T2 &) B 50)
x ox(1+ k%) — Bk,

is the group velocity of pumping drift-ion-acoustic waves.
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From the system (44), the following zonal flow disper-
sion equation follows

1= +1y) + 17 =11 = 0. (51)
Now, we deal with this equation for the monochromatic
wave packet of the primary waves, i.e., we consider a single
wave vector on the right-hand sides of Eqgs. (45)—(48). Note
that all these expressions are proportional to the second
power of the small quantities (26). Thus, the right-hand sides
of these expressions are relevant only in the case if the value
Q — q,V, is also small. Then, the coefficients (45)—-(48) can
be calculated at Q =~ ¢,V,. We find

472
q; k Ik
Qg V)0 v = —
(@ aVe) Tlagw, B,k —Za)k(l+k2)]3
< Bk + Pakion [=5 (1 + &%)
+ Sk)% - ki] + 4ﬁnk}'wk

X [2(1—k2) +2(1+£2)°
+ (1+47) (k. —6k7)]
+hop (14 £7)[(1+ &) (46 — &7)

~(1+£2)7),
(52)

+ (22 — 1)

C]ikg k. zI k
Q=q.V.

Q—q.V,)1" =
R R e (Eehs

< Bk + 4B kyon [26 — (14 &3]
o (1+42)[(1+47) = 3&7]}
(53)
472
q.k,kzlk
Q_ VV 2](/7 B — XY
( 9 z) 11|Q_q,\v,,, B,k *2601((1 +ki)]4
x {=Bik) — Brkoeon[1 + 8k?

= 6(1+ k7)) + 4B, ko

x [~262 —3(1+42)
+(1+#2) (1 +762)]

— 4oy (1+2)[(1+ &) (1 + 6K%)

32— 2(14+2)), (54)
472
q k wklk
Q—qV) o v = —
R N (R
x {Boks + Brkson [8k; — 5(1+&7) ]

+4B,kyoy (1+ k%) [—5k;

+2(14+82)] + 40l (14+82)

x [3k; — (1+47)]} - (55)
With these expressions, we can show that last two terms in

Eq. (51) cancel each other, so the zonal flow dispersion equa-
tion is
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1= (7 +1) =0. (56)

Using Egs. (52) and (55), we can find the following general
expression for the squared zonal flow growth rate:

(Q—qV,)* =T (57)
where

472 4
qky orlx 4
r’= Y {[Boky — 200 (1 +K2)]
K2+ o (1+23)1 " (+E)
+ 2Bk on (1 4 4k7)

+ Bk k2 [(14+52) (54 8K%) + 12k242 ]

+op ks — 1205 (1 )1+ 82) (9 +442)
326212 ] + 120t (1442
x [(1+k2) (84 3k2) +29K%K3] ). (58)

Let us consider the zonal flow generation by different
branches of coupled drift and ion-acoustic pumping waves.

(1) In case of single drift waves branch (16), when k, =0
and o, = Py e find from Eq. (58)

- 2
14477

B kK I

1—*2
(1+82)?

(1 TR 3k§). (59)

So the instability condition requires 1 + k}z, > 3k£16 and
the fastest growth rate achieved when k, = 0.

(2) In the case of the slow branch of the coupled drift and
ion-acoustic waves with the pumping 2frequency [see the
second solution in Eq. (18)] w, = — [),]:—k(k — 0) yields

I = gk . (60)
So, unlike (59), such instability needs no excitation con-

dition (i.e., exists spontaneously) and the growth rate
does not depend on k..

(3) In the case of single ion-acoustic branch (17),
w1,2=i<1+§;>1/2, (f,—0) we get the following
expression:

2= —qﬁkf'[k [(1 + k2 ) (1 + k2 +4k2) — 9k2k2}
4(1 ki)z 1 X y x|
(61)

Thus, the generation does not depend on the sign of o, i.e., it
is the same for both w; and w,. The instability condition
requires

(1+ k1)1 4k +4ky) > kK, (62)

and the fastest growth rate [as in the case (1)] is achieved
when k, = 0. In addition as in the case (2), the growth rate is
not influenced by £..
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As to the parallel to the external magnetic field mean
flow generation problem, we find from Eq. (44)

v (4
L40) o III

— = —. (63)
¢ 1—-1Ij

Owing to the smallness of I} o ¢, we get approximately
[using Eq. (57)]

Wy 17— qikgkzwﬁ]k

o0 " rR+R(1+8)]

X {—ﬁﬁk_ﬁ, — Bk oo [1+ 8K —6(1+4%)]

n"y
4B ko2 [(1 +2)(14+72) =3(1+82)° —2k§]

— 40 (1412 [(1+82) (14 682) —2(1 +12)* = 3K2]} .
(64)

(1) In case of the slow branch, w, = —/}k—?kv, (k. — 0) Eq.
(64) yields "
wo k,
—=— . 65
(7)0 ﬁnk}' ( )

(2) In case of the pure ion-acoustic waves wj, = = (l+11<<§ 7
(B, = 0), we get the excitation 1

wo L 1 1+ 32 4 2k} — 4k — 26212
Po ST+ K21+ 2K+ 5k + 4k} — 8k} — 4K2K2

(66)

Note that in this case, the ratio (65) does not depend on £..

B. Large-scale structures, k, p; < 1

Now we are going to investigate the zonal flow excita-
tion problem by large scale pumping drift- ion-acoustic
waves which is described by the system (24). Note that this
system contains two scalar and one vector nonlinearities. Of
course, the linear Egs. (27)—(31) remain the same. The same
will also remain Eq. (32) for Ry and ri1(k), where new solu-
tions for sideband amplitudes should be insert. As to R now
we have the following modified Eq. (32):

o~ 1
_IQQDO :RLZI—FQZZVL(I()

" —wt). (68)

We can find that now sideband amplitudes satisfy the
following system:
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Solutions of the system (69) are

2

I+

>
I+
I

{kz(—ikyqxia)i)wo + Poky [i

I+

v
I
oS B|s

I+

where D is defined by Eq. (37), so Egs. (40) and (41) also
remain valid.

As previously, using the expansion over the small
parameters (26) and keeping only necessary main terms, we
find the following zonal flow driving forces:

kyl NaS 5
RJ_ZIJquZ Poky lq k—i—cokkL

X (ZQkawi + Zka (1 + ki) - Qﬂnk)’)

—Qp; <2Qk =t qof(1+K2 —4k%) + quz)]
_ k2 2
+wok, | Q( 2Qk, +q,twk(1 +k2)
+quk? — 4wiquf>
—ig?hy (24,40} + 200k (1443) —Of, k) ] } G

kyk-1
RIIZQ%Zwk k { ﬁrkyﬁl’o[ (1+ki)

+ oy + 4Qugik] + ko [QF (14 &7)
+ qrop + 4Qug.k.]}. (72)

Now we use relations (32) to obtain the system (44),
where

%
lf——quz L kﬂr {ZQ" K k(18 —42) a2,

(73)

(74)

kyk:Bri
I = —ig, Z oD 1)2 [Q*(1+42) + FPop + 4Qaxq.k,],

(75)
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(69)

k2 _ )
S gF s [l(q,%—ki)qﬂrﬁf]]},
k
wo [T ik (- (14 K2.) T,k )| +9 LY |02 (14 8.)F Bk — kb i ~ 1)+ 7]
2 TIKyGx\ W= 1+ nKy O_wk yqx | W= 1+ nKy 2Ky [1\G 1)4x T )

(70)

_ ky K2,
I = g, Xk: riD-(l‘; [Q*(1+K2) + o} + 4Qung.k,].

(76)

As it was explained previously we need the coefficients
(73)—(76) at the value Q = ¢,V,, where the group velocity

V, is defined by Eq. (50). So we have

(Q—q.V,)1

7]
L1Q=q.V,
aRI
— kfr AR o + Bk
[ﬁnk}’ - Zwk( + ki)] .

—oi(1+12)(1+ 12 —4k2)

20, (1 4+ k)2 — o (1 + K2 — 42) K>}, (77)

(@ aVe) oy,
3
| quykzlk 2.2 5
- 4
l I:ﬁnky - 2wk(1 + ki)] 3 { kxkza)k + ﬁnkykz
—op (1K) (142 - 4k7)

20 (14 k) k2

—ox(1+k -4k}, (78)

(Q - ‘vag)zlﬁ‘s):qxvg
3.0
. qkyk-onrih 5 5
__ K — danf k
ooty — 201 + 4217 Ut~ 4Bl

x (14K —2k2)

+4ag (1+82) (1 + & -3k}, (79)
) C kgl
[ﬂ ky — 20 (1 +#2)]*
X (B2 = 4B k(142 — 262)
+4op(1+ )1+ — 3K},
(30)

Q- CIng)2I;‘I}|Q:q\.Vg =

Now we can show that the zonal flow dispersion equation
(56) remains valid. Thus, we can get the following expres-
sion for the squared zonal flow growth rate:
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qiky]kwﬁ
2 + (1 +13)]*
X {Pr(1 + k7 )owkyk2 (20K o + 5B,ky)
— g Brky(1+ ) [7k2 + o (1 + &7)
— HCR)] = Prkl Bk (Baky + 8K k)
+ Br ko — dpk? Bk, (1+ K7 — 2k7)
+ Aok (1+ ) (1 + k2 —3K%)}. (81)

(Q_qxvé’)z =i

Let us consider the following cases:

(1) In case of single drift waves, when k, =0 and

W) = ﬁ:i}is we ﬁnd from Eq <81)

(Q—qiV,)* = —igik} Brli. (82)
(2) Other slow branch m; = — 5, (k. — 0) yields

G2
@—%%f:ﬂi%;m (83)

(3) In the case of single ion-acoustic branch w;, = = (1+1]; 7
1
(B, — 0), we get the following expression from (81):

1
(@) - —idaA (). G

Parallel to the magnetic field mean flow generation rate, we
can find analogously to Eq. (64)

@ =i Qifikzwizﬂrlk .
%0 (@~ qVy) [ + R (14 R2)]
x B3k — doncf k(1 + K7 = 247)
+4op (1+E2) (1 4+ - 362} . (85)

Here, the value of Q — ¢,V, is defined by Eq. (81). We see
that mean flow wy is exciting only when k, # 0.

(1) For the case (83), we get

wo k,
— = . (86)
bo ﬂnk)'
We see that the ratio is not influenced by the temperature
gradient f3;.
(2) For the case of ion-acoustic branch (84), we get
Bo_ o _kbr (87)

o 2BrkyFk.

So again, w; and , generation has the opposite sign.

VI. CONCLUSION

The analysis given in the presented paper shows how
sheared zonal flows are generated by low-frequency coupled
electrostatic drift and ion-acoustic waves. According to labo-
ratory plasma experiments,”>'*** main attention to large-
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scale (kp, < 1) drift-ion-acoustic waves is given. Carried
out investigation provides an essential nonlinear mechanism
for the spectral energy transfer from small-scale drift-ion-
acoustic waves to large-scale enhanced zonal flows.

In Sec. II valid for arbitrary wavelengths of primary
waves basic system of nonlinear equations consisting of the
general HM equation for electrostatic potential and equation
describing parallel to magnetic field ions motion is obtained
[see Egs. (9) and (10)].

In Sec. III, a linear regime of coupled drift-ion-acoustic
waves is given in detail and different limiting frequencies
are obtained [see Eqgs. (16)—(19)]. In consequence of cou-
pling with drift waves, ion-acoustic waves become disper-
sive [see Eq. (17)].

In Sec. IV, primary waves of different wavelength-
scales are considered and the appropriate system of nonlinear
equations is obtained. Namely, it is shown that for the small
and intermediate wavelengths (k p, > 1), the dynamical
system of Eq. (22) is valid which contains only vector non-
linearity and respectively describes dipole structures. In the
case of large-scale wavelengths (k, p, < 1), electrons tem-
perature gradient effects become important forming KdV
type scalar nonlinearity along with other nonlinearities com-
ing from the ions parallel to magnetic field motion [see
Eq. (24)].

In Sec. V, the generation of sheared zonal flows by com-
paratively small-scale electrostatic coupled drift-ion-acoustic
waves in laboratory plasmas is investigated. The generation
is due to the parametric excitation under the three-wave
interaction, in which the coupling between the pump electro-
static drift-ion-acoustic waves and side-band modes gener-
ates large-scale modes, so called zonal flows [see Eq. (25)].
Actually the zonal flow is spontaneously generated from the
pumping drift-ion-acoustic wave fluctuations via the action
of electrostatic stress R and electromotive force Ry [see Eq.
(32)]. To describe the process system of basic equations (22)
and (24) is used. Corresponding general expressions for the
squared zonal flow growth rate are obtained in the case of
small and intermediate (k; p; > 1) and large-scale (k; p, <
1) pumping waves [see Egs. (57), (58), and (81)]. It is shown
that in the case of small and intermediate excitation vector
nonlinearity plays the main role and for the generation neces-
sary excitation conditions are needed. It is found that the
wave vector of the fastest growing mode is perpendicular to
that of the drift-ion-acoustic pump wave [see Egs. (59) and
(61)]. In the case of large-scale excitation due to the elec-
trons temperature gradient scalar nonlinearities became
responsible for the sheared zonal flow generation and in con-
trast to small-scale turbulence no generation conditions are
needed. In addition the growth rate in the case of large-scale
excitation is more (Nqi/ %) compared to the small and inter-
mediate excitation (~¢?). That is why observed in laboratory
experiments large-scale drift waves fluctuations spontane-
ously excite the sheared zonal flow. Explicit expressions for
the maximum growth rate are obtained in particular, cases
[see Egs. (59)—(61) and (82)—(84)].

In addition, we have shown that owing to the existence
of ion-acoustic waves mean sheared flow of ions can be gen-
erated along the equilibrium toroidal magnetic field. General
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expressions for such flows are obtained both for the interme-
diate and large-scale coupled drift-ion-acoustic waves [see
Egs. (64) and (85)]. Corresponding explicit expressions for
such toroidal flow are obtained in particular cases [see Egs.
(65), (66), (86), and (87)].

Let us estimate obtained growth rates numerically.

In the case of small and intermediate-scale structures
(kip, > 1), we get the following estimation for the zonal
flow growth rate from obtained Egs. (59)—(61):

2
qx 3
) ~ 0 (k) (kypy)

For the chosen experimental observations

(88)

ep,
T, |

521,22

~ 1071a ‘Ix/ky ~107" )

Wi ~ 108871’ kyps ~ 57 |€¢+/T;

we get 7 ~ 10" s™!, which is consistent with existing obser-
vations. As to the amplitude of toroidal zonal flow, from Eq.
(66), we have the following estimation:

% 1

20— (89)

(pO kypx

So such as toroidal zonal flow is only several times less
than poloidal one.

From obtained Eqs. (82)—(84), in the case of large-scale
structures (k, p, < 1), we note the importance of electrons
temperature space inhomogeneity for the unconditional
zonal flow generation. We get the following estimation for
the zonal flow growth rate:

3/2 .
4x )
7 (k—) (kypy) > (Brpy) 12| =+ (90)
Y e
For the typical experimental data’>"**
0.1
i~ 10871 ko~ 0.3 P P02
w, s }ps ’ ﬁTpS LT 10 ,
e(?)+'_\/10—l7 %NOI’
; k,
we get 7 ~ 10°s~!, which is 10* times smaller than that

obtained in the small-scale turbulence [see Eq. (88)].
However, it seems that the large-scale case of turbulence is
more typical for laboratory plasmas.”*'*? As to the ampli-
tude of toroidal zonal flow in the case of large-scale turbu-
lence (k; p,< 1) from Eq. (87), we get the estimation
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Yo 1. )
(20

Thus, the excited toroidal zonal flow amplitude is of order of
the poloidal one. Observe that typical drift waves frequency
value @ ~ k,v* ~ 105-10"s7!
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