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ZEROTH-ORDER GENERAL RANDIC INDEX OF LINE
GRAPHS OF SOME CHEMICAL STRUCTURES IN DRUGS

Gul E. MEHAK!, Akhlag Ahmad BHATTI?

Zeroth-order general Randié¢ index of drug molecular structures is beneficial for
medical and pharmaceutical researchers because it is significant of testing the
chemical and pharmacological characteristics of drug molecular structures that can
make up the defects of chemical and medicine experiments and can provide the
theoretical basis for the manufacturing of drugs in pharmaceutical engineering. In
this paper, we establish general expressions for evaluating the zeroth-order general
Randié index of line graphs of various well-known chemical structures. The
established results may be useful to determine physicochemical properties and
biological activities of the considered chemical structures in drugs.

Keywords: Computational medical, Zeroth-order general Randi¢ index, Line
graphs, Dendrimer stars, Bridge graph, Benzenoid series

List of Notations:

Notation Description
V(G) Vertex set of a molecular graph G
E(G) Edge set of a molecular graph G
R Randi¢ index
°R Zeroth-order Randi¢ index
ORQ Zeroth-order general Randi¢ index
§(G) Minimum degree of a molecular graph G
AG) Maximum degree of a molecular graph G
L(G) Line graph of a molecular graph G
d(v) Degree of a vertex

1. Introduction

As we move into the new millennium it is becoming increasingly clear that
the biomedical sciences are entering the most exciting phase of their development.
Technological developments in medicine manufacturing, chemical and

! Dept. of Sciences and Humanities, National University of Computer and Emerging Sciences,
Lahore Campus, B-Block, Faisal Town, Lahore, Pakistan. e-mail: gul-e-
mehak5202@outlook.com

2 Prof., Dept of Sciences and Humanities, National University of Computer and Emerging
Sciences, B-Block, Faisal Town, Lahore, Pakistan. e-mail: akhlag.ahmad@nu.edu.pk



48 Gul E. Mehak, Akhlag Ahmad Bhatti

pharmaceutical techniques have been promptly evolved and a large number of
new nano-materials, crystalline materials and drugs emerge every year. Enormous
amount of chemical experiments and work is mandatory to determine the
chemical properties of new compounds and drugs to test their physical features,
chemical reactivity, and biological activity. Advanced equipment, sufficient
reagents and human resources are required to investigate the performance and the
reaction of these new drugs but in lower income areas and in poor countries where
enough money is lacked to afford the relevant chemical reagents and equipment to
measure their biochemical and pharmaceutical properties, have to face severe
problem.

The main paradigm of medicinal chemistry is that biological activity, as
well as physical and chemical properties of organic compounds such as melting
point, boiling point, and toxicity of drugs, is inherent on their molecular
structures. Chemical graph theory (CGT) or molecular topology is the branch of
mathematical chemistry which deals with the study of molecular structures and
nontrivial implementation of graph theory to solve problems regarding to the
chemical structures. Topological descriptor has strong correspondence with a
molecular property; it can be named as molecular index or topological index (TI).
There are various well-known topological indices applied in chemical engineering
(e.g., QSPR/QSAR study) for grasping the relationships between the molecular
structure and the potential physicochemical characteristics. If we enumerate
indicators of the drug molecular structures in accordance with the topological
indices, the medical and pharmaceutical researchers could find it beneficial to
well know the medicinal and chemical properties of new manufactured drugs.
From this perspective, we can appreciate the effectiveness of the methods of
computing topological indices especially for developing countries which lack
inadequate money and funds and where the available biological and medical
information about new drugs may be easily obtained without the need to carry out
chemical experiments and purchase expensive equipment and reagents.

For convenience of our discussion about medicine mathematical model,
we first recall some relevant terminologies and notations, which can be found in
[4] with clear explanation. Conventionally the structure of a drug is considered as
an undirected (chemical) graph where each vertex expresses an atom and each
edge represents a chemical bond between these atoms. We consider G as a simple
graph corresponding to a drug structure with an atom (vertex) set as V(G) and a
chemical bond (edge) set as E(G). Topological index of a molecule structure can
be considered as a non-empirical numerical quantity which quantitates the
molecular structure and its branching pattern. In this point of view, it is used as a
descriptor of the molecule under testing. A topological index defined on the
molecule structure G can be regarded as a real-valued function f:
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G—>R" which maps each drug molecular structure to certain real numbers.
Researchers have built up noteworthy indices decades prior that have wide-
ranging applications in the correlation and prediction of various molecular
properties and furthermore in trial of similarity and isomorphism of the drug
molecules [5]. Several reports help to determine the topological indices of special
molecular graphs in chemical, nanomaterials and pharmaceutical engineering
which help researchers to understand the physical features, chemical reactivity
and biological activity of their corresponding molecular structures.

The chemist Milan Randi¢ [23] established a topological index named as
Randi¢ index that is worthy for determining the extent of branching of the carbon-
atom skeleton of saturated hydrocarbons. The Randi¢ index is defined as:

R=R{&) = Z [.rfl;.!a}.ff[r;l]_%.
une R (&)
where d(u) denotes the degree of the vertex u of the graph G, E(G) is the edge set
of G and the summation goes over all edges of G. Randi¢ himself demonstrated
that his index is strongly correlated with several physico-chemical properties of
alkanes: boiling points, chromatographic retention times, enthalpies of formation,
parameters in the Antoine equation for vapor pressure, surface areas, etc. [20].
Eventually R become one of the most famous molecular descriptors to which two
books [14] and [16], several reviews and countless research papers are devoted.

Bollobas and Erdds [3] generalized R(G) by replacing the exponent _—l by an

arbitrary real number « . This graph invariant is called the general Randi¢ index
and will be denoted by:

Ra =Ra(G)= ) [d(u)d(v)],
uvsE (G

The zeroth-order Randi¢ index °R defined by Kier and Hall [15], is:

"R(G) = Z [e’f[i:*]]_%.
vel (&)
where the summation goes over all vertices of G. Kier and Hall gave a general
scheme based on the Randi¢ index to also calculate zeroth-order °R and higher-
order connectivity indices "R.

Eventually, Li and Zheng [19] introduced a new index of a graph G and
named it zeroth-order general Randi¢ index, which is based on vertex degrees of
graphs. Like other successful structure-descriptors, this index received
considerable recognition from mathematical chemists and mathematicians, and it
is very popular topological index in mathematical chemistry. Let G = (V, E) be a
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graph with the vertex set V(G) and the edge set E(G). The zeroth-order general
Randi¢ index °R(G) is defined as:

"Ro(G) = Z [d(v)]™,
el ()
where @ is an arbitrary real number and d(v) is denoted as the degree of vertex v
(the number of vertex adjacent to vertex v) [13]. It was discovered that zeroth-
order general Randi¢ index has some outstanding applications or unexpected
mathematical properties. Pavlovi¢ [22] determined the graphs with maximum °R-
index. Lang et al. [18] investigated the same problem for the topological index M

where My = “Ra for @ = +2. This success encouraged researchers to search for
mathematical properties of the zeroth-order general Randi¢ index.

Let the vertex set V(G) can be divided into several partitions such that Vi
represents a vertex having degree i and vi = |Vi|. Line graph L(G) of a graph G has
the vertex set V(L(G)) = E(G) where the two distinct vertices of L(G) are adjacent
if the corresponding edges of G are adjacent.

With continued work on Gao et al. [10] we obtained the zeroth-order
general Randi¢ index of line graphs of various essential chemical structures in
drugs.

2. Zeroth-order general Randi¢ index of line graph of graphene G(m, n)

Graphene is a one-atom thick and single tightly packed sheet of
hexagonally arranged carbon atoms. It is a two-dimensional layer of honeycomb
lattice, in which carbon atoms are bonded together in a repeating pattern of
hexagons, with each carbon atom covalently bonded to three other carbon atoms.
It is the thinnest material possible as well as being transparent. It is the main
element of certain carbon allotropes including charcoal, fullerenes and graphite
etc. Graphene is undoubtedly emerging as one of the most promising
nanomaterials as it is extraordinarily strong, supernaturally light, and electrically
super-conductive. See Shigehalli and Kanabur [24] for more details.
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Fig. 1. 2-Dimensional line graph of graphene sheet.

Theorem 1. The zeroth-order general Randi¢ index of line graph of G(m, n) is:

[4(3%) 4+ 4%)m 4 [6(2%) — 4(3%) — 4°]; forn=1
R, (L(G(m,n))) = { 3(4%)mn + 2[2(3%) — 4%m 4 [2* 4 2(3%) — 49]n
+[4(2%) — 4(3%) — 4%]; forn>2

where G(m, n) is a molecular graph of graphene with n rows and m columns. @ is
any real number.

Proof. By analyzing the molecular structure of the line graph of graphene G(m,n):
For n = 1: we infer vo = 6, v3 = 4m - 4 and v4 = m - 1. Therefore, using the
definition of zeroth-order general Randi¢ index, we obtain

ORu(L(G(m,n))) = > [dw)”

vEV(L(G{m,n)))

=@+ D@+ Y (W)

velz vels veVy
=2%(6)+3%4dm —4) +4%(m — 1)
= [4(3%) + 4%m + [6(27) — 4(3%) — 4.

Forn>2:weinfervo=n+4,vs=4m+2n-4andva =3mn-2m-n - 1.
Similarly, by using the definition of zeroth-order general Randi¢ index, we obtain

"Rao(L(G(m,n))) = Z [d(v)]*

veV(L(G(mn)))
=Y @27+ Y 6B+ Y (4)°
vel veVs veV

=2%n+4)+ 3" dm+2n —4)+ 4" (3mn - 2m -n-1)
= 3(4)mn + 22(3%) — 4]m + 2% +2(3%) — 4] + [4(2°) — 4(3%) — 47].

O
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3. Zeroth-order general Randi¢ index of line graph of three family of
dendrimer stars

Dendrimers are large and complex molecules with very well-defined
chemical structures. They are produced in an iterative sequence of reaction steps.
The nanostar dendrimers are part of a new group of macromolecules with a
precise tailored architecture. These are hyper-branched nanostructures that can be
synthesized by divergent or convergent methods, and they are developed from
branched units referred to as monomers using a nanoscale fabrication method. In
this section, we determine the zeroth-order general Randi¢ index of line graphs of
three famous infinite classes NSi[n], NS2[n] and NSz[n] of dendrimer stars which
widely appear in the drug structures. For detailed structure, see Ashrafi and
Nikzad [1].

Fig. 2.1. Line graph of the first type of nanostar dendrimer L(NS1[2]).



Zeroth-order general Randi¢ index of line graphs of some chemical structures in drugs 53

Fig. 2.3. Line graph of the third type of nanostar dendrimer L(NS3[2]).

Theorem 2. The zeroth-order general Randi¢ index of line graphs of three infinite
classes NS1[n], NSz[n] and NSs[n] of dendrimer stars is:
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"R.(L(NS{[n])) = 9[2% +2(3%))2" + [3(2%) — 11(3%) + 3(5%)].
"R, (L(NS3[n])) = 12[2% + 2(3%)]2" 4+ [2(2%) — 8(3%) + 4°].
"R (L(NS3[n])) = 2[12(2%) + 14(3%) + 3(4%)]2" — [7(2%) 4 6(3)].
where n is the number of steps of growth of these three family of dendrimer stars
and a is any real number.
Proof. By observing the structures of the line graphs of these three infinite classes

of dendrimer stars, we deduce its vertex partition with respect to the degrees as
follows:

e For L(NSi[n]): v2 =9(2")+ 3, v3 = 18(2") — 11 and vs = 3.
e For L(NSy[n|): vo =12(2" = 1)+ 14, v3 = 24(2" = 1) + 16 and vy = 1.
o For L(NS3[n]): vg = 48(2"~1 — 1) 4+ 41, v3 = 56(2"~! — 1) + 50 and vy = 12(2"71).

Therefore, according to the definition of zeroth-order general Randi¢ index, we
check

"Ro(L(NSi[n])) = Y [d(v))°

veEV(L(NS1[n]))

=)@+ > (3)+ D> (5)"°

vels veEV; veEVE
= 2°[9(2") + 3] + 3°[18(2") — 1] + 5%(3)
= O[2% +2(37)]2" + [3(2%) — 11(3%) + 3(5%)].
"R (L(NSy[n])) = > [d)”

vEV(L(NSa[n]))
=D @+ Y3+ D> W

eV, veEVy veV,
= 29712(2" — 1) + 14] + 37[24(2" — 1) + 16] + 47(1)
— 1227 4 2(3%)]2" + [2(27) — 8(3%) + 4“].
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RolLNSaful) = Y [d)]”

veV (L(N Sz [n]))
=Y @+ Y0 Y @
1_‘€1(.'2 1-@1(-'3 1'61'11

= 2°[48(2"" — 1)+ 41] + 3 [36(2"" — 1)+ 50] + 4°[12(2")]
= 2[12(2%) + 14(3°) + 3(4))2" — [7(2%) +6(3°).
0

4. Zeroth-order general Randi¢ index of line graph of polyomino
chains of n-cycles

“A k-polyomino system is a finite 2-connected plane graph such that each
interior face (also called cell) is surrounded by a regular 4k-cycle (Ca) of length
one. In other words, it is an edge-connected union of cells in the planar square
lattice” [12]. This polyomino system divides the plane into one infinite external
region and a number of finite internal regions where all internal regions must be
squares. For the origin of polyominoes and more details can be found in Klarner
and Polyominoes [17], Ghorbani and Ghazi [12] and Mansour and Schork [21].

Fig. 3. Line graph of the zig-zag chain of 8-cycles.

Theorem 3. The zeroth-order general Randi¢ index of line graph of polyomino
chain of 8-cycles is:

"Ro(L(G)) = 4[3(2%) + 2(3%) 4 2(47)]n + [4(2%) — 3(4%)].

where G is a molecular graph of the zig-zag chain of 8-cycles and « is any real
number.
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Proof. By means of structure analysis of line graph of the zig-zag chain of 8-
cycles, we infer vo = 12n + 4, v3 = 8n and v4 = 8n - 3. Therefore, using the
definition of zeroth-order general Randi¢ index, we obtain

Ra(L(@)= > [d)"

veV(L(G))
=3 @+ >3+ > @)
vely veV; vEVyY

=2%12n 4+ 4) + 3%(8n) + 47 (8n — 3)
= 4[3(27) 4+ 2(3%) + 2(47)|n + [4(2%) — 3(47)].

O

5. Zeroth-order general Randi¢ index of line graph of triangular
benzenoid

The benzene molecule is a usual molecule in chemistry, physics and nano-
sciences and is very useful to synthesize aromatic compounds. Triangular
benzenoid denoted by T(n) is a family of benzenoid molecular graphs, which is
the generalization of benzene molecule Ce¢Hs in which benzene rings form a
triangular shape. Triangular benzenoid consists of hexagons arranged in rows and
in each row one hexagon increases. Details related to its structure can be found in
Ghorbani and Ghazi [12].

Fig. 4. Line graph of triangular benzenoid L(T(n)).

Theorem 4. The zeroth-order general Randi¢ index of line graph of T(n) is:
- 3 . 1
"Ra(L(T(n))) = [5(47)]n" +3[2(37) — 5(4")]n + 6(2” — 3%).

where T(n) is a molecular graph of triangular benzenoid and « is any real number.
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Proof. Using the vertex dividing technique for the line graph of triangular
benzenoid, we derive v = 6, v3 = 6(n - 1) and V4=§(n2 - n). Hence, by definition of
zeroth-order general Randi¢ index, we get

Ro(L(T(n)= > ld(v)”

veV (L(T(n)))
=)@+ B+ > (@)
vely veV3 vely

= 2%(6) + 3°[6(n — 1)] + 40'[3 (n* = n))
3 Y]l Qo oo la o _ Qo
= [5(4 )n? +3[2(3 )—5(4 )n+ 6(2% — 3%).
O

6. Zeroth-order general Randi¢ index of line graph of bridge
molecular structures

“Let's consider {G.}% ,be a set of finite pairwise disjoint molecular
graphs with vi € V(G;). The bridge molecular graph B(Gy, ..., Gd) = B(Gq, ..., Gd;
vi, ...,vd) of {G,} 9, with regard to the vertices {v,} =, is acquired from the
molecular graphs Gi, ..., Gq in which the vertices vi and vi + 1 are attached
through an edge fromi=1, 2, ..., d - 1. In this section we determine the formulas
of some degree-based indices for the line graphs of infinite family of drug
structures of the bridge molecular graph with Gi, ..., G4 [10]. Then we
established L(Gd(H, v)) = L(B(H, ..., H; v, ..., v)) for particular cases of the bridge
molecular graphs.

We analyze the line graphs of bridge molecular graphs as follows and the
main parts of the graphs are path, cycle and complete molecular graph,
respectively. See Gao et al. [10] and [11] for more structural details.

Fig. 5.1. Line graph of the bridge molecular graph L(Ggy(Pn, V)).

Theorem 5.1. The zeroth-order general Randi¢ index of line graph of Gq(Pn, V) is:
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2(2%)n — 3(2%) + 2; ford=2andn = 2
0 L W (2% +4™)d + [2(37) — 2(27) — 3(4™) + 2]; Jord = 2andn =2
Ra (L'((’d(-Pn‘ L))) - (Qa)dn + [J_ _ 3(2&) 4+ 39 4 _1o]d+ [2[2&)

—3(4%)]; ford > 2andn > 2

where G4(Pn, V) is a bridge molecular graph of path graph P, with n vertices and a
is any real number.

Proof. By analyzing the molecular structure of the line graph of bridge molecular
graph Gq(Pn, v) of path graph P, with n vertices.

Ford=2and n = 2: we infer vi = 2, v2 = 2n - 3 and vz = 0. Therefore, using the
definition of zeroth-order general Randi¢ index, we obtain

"Ra(L(Ca(Pr,v))) = Sy [d(v)]*

veV (L(Gg(FPn,v)))

=D M+ @+ @)

veEVY vels veVs
=1(2) +2%(2n — 3) + 3%(0)
=2(2)n — 3(2%) + 2.

Ford>2andn=2:weinfervi=2,v2=d-2,v3=2and vs =d - 3. Therefore,
using the definition of zeroth-order general Randi¢ index, we obtain

Ro(L(Ca(Prv)))= Y [d@)*

veV (L(Gg(Pav)))

=D (T D@+ Y @)+ Y (@)

veEWV] veV veVs veEVy
=1(2) +2%(d — 2) + 3%(2) + 4%(d — 3)
= (2% 4+ 4%)d + [2(3%) — 2(2%) — 3(4%) + 2].
Ford>2andn>2:weinfervi=d,vo=dn-3d+2,vs=dand va = d - 3.
Therefore, using the definition of zeroth-order general Randi¢ index, we obtain

Ra(L(Ga(Po0))= > [d)

1\ELF(L(Gd{Pn~PH)

=Y WY @Y 03+ Y (@)

veEl veEVs vEV3 vely
=1(d) + 2%(dn — 3d + 2) + 3°(d) + 4%(d - 3)
= (2%)dn+ [1 - 3(2%) + 3% + 4°]d + [2(2%) - 3(4%)].
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L(G1(Cg. 1)) L(Ga(C5.v)) L(G3(Cg.v)) L(G4-1(Cg.v)) L(G4(Cg.v))
Fig. 5.2. Line graph of the bridge molecular graph L(Gd(Cs, V)).

Theorem 5.2. The zeroth-order general Randi¢ index of line graph of G4(Chn, V) is:

_ 2(2%)n + [4(37) + 4% = 4(27)]; forn >2andd =2
OB (L(Ga(Cov))) = 4 (29)dn + [2(4%) = 2(2) + 6]d
+[4(3%) — 4(4%) + 2(5%) = 3(6%)]; forn > 2andd > 2

where G4(Cn, V) is a bridge molecular graph of cyclic graph Cn with n vertices and
a is any real number.

Proof. Using the vertex dividing technique for the line graph of bridge molecular
graph Gd(Cn, v) of cyclic graph Cn with n vertices.

Forn>2and d = 2: we infer vo = 2n - 4, v3 = 4 and v4 = 1. Therefore, using the
definition of zeroth-order general Randi¢ index, we obtain

"Ro (L(Ga(Crv))) = > [d(v)]*

veV(L{Ga(Cn.,v)))

=D @ "+ D @)+ > (@)

vell vely veVy
= 29(2n — 4) 4+ 37(4) + 4°(1)
= 2(2%)n + [4(37) + 47 — 4(27)].
Forn>2andd>2:weinfervo=dn-2d,vs=4,v4=2d-4,vs=2andve=d - 3.
Therefore, using the definition of zeroth-order general Randi¢ index, we obtain
"Ro(L(Ga(Cp,v))) = > [d(v)]”

veV(L(Gg(Cnw)))

=) @D BT @Y (B + Y (6)°

vEV; vEVs veVy vEVE vEVE
= 2%dn — 2d) + 3%(4) + 4%(2d — 4) + 5%(2) + 62 (d — 3)
= (2%)dn + [2(4%) — 2(2%) + 6°]d + [4(3%) — 4(4%) + 2(5%) — 3(6%)).

O



60 Gul E. Mehak, Akhlag Ahmad Bhatti

L(Gl(‘.l\’l.t']) L(( ([\| v)) L((r;.;([\4.l')) Ll( ([\‘ v))
Fig. 5.3. Line graph of the bridge molecular graph L(Ga(Ka, V)).

Theorem 5.3. The zeroth-order general Randi¢ index of line graph of Gy(Kn, V) is:

2(27)d + [2 = 3(2Y)); forn=2andd > 2

(2n — 4)*(n? —3n+2) (2n - 3)"

(2n-2)+(2n -2 forn > 2andd =2
0 L o ) (2n=4)7 (21 —jn-|-3) + (2n—=3)*

Ra (L(Ga(Kn,v))) = (2n=2)+(2n=2)*n-1)+2(2n-1)%  forn>2andd=3
(2n —4)*(3dn* - zdn +d)+(2n-3)®
(2n=2)+(2n=2)*(dn—d—2n+2)
+2(2n — 1) + (2n)*(d - 3); forn >2andd >3

where Gd(Kn, V) is a bridge molecular graph of complete graph K, with n vertices
and a is any real number.

Proof. By analyzing the molecular structure of the line graph of bridge molecular
graph Gq(Kn, v) of complete graph Kn with n vertices.

Forn=2and d = 2: we infer vi = 2 and vo = 2d - 3. Therefore, using the
definition of zeroth-order general Randi¢ index, we obtain

"Ra(L(Ga(Kn,v))) = > )"

vEVI(L{G4(Knw)))

=D W+ @
veVy vEV2
= 1(2) +2%(2d — 3)
= 2(2%)d + [2 — 3(27)].
Forn>2and d = 2: we infer; vona = n?-3n + 2, von3 = 2n - 2 and vano = 1.
Therefore, using the definition of zeroth-order general Randi¢ index, we obtain
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Ro(L(Ga(Kov)) = Y [dw)"

vEV(L(Ga(Kn v)))
= Y -4+ ) @n-3+ ) (202
vEVan_a vEVan_3 vEVan_2

= (2n —4)%(n* = 3n+2) + (2n — 3)*(2n — 2) + (2n — 2)°,

Forn>2and d = 3: we infer: von.4 = 5 (N>-3n+2),van3=2n-2,Von2=n-1and
Von-1 = 2. Therefore, using the definition of zeroth-order general Randi¢ index, we
obtain

"Ra(L(Ga(Knv))) = > [d(v)]”

vEV(L(Gg(Knv)))

- Z (2n — 4)* + Z (2n —3)* + Z (2n —2)° + Z (2n

VEVan_4 vEV2n_3 vEVan_o vEVan_1
—1)°
¢ o 3 2 9 o ) '
=(2n—4) (5?1 —gn+ J4+2n-3)"(2n—-2)4+(2n-2)%(n—1)+
2(2n —1)°.

Forn>2and d > 3: we infer: vZn-4:§(n2 -3n+2),von3=2n-2,V2n-2=dn-d -
2n + 2, von1 = 2 and von = d - 3. Therefore, using the definition of zeroth-order
general Randi¢ index, we obtain

ORa(L(Ga(K . v))) = Y [d(v)]*

VeV (L(Gg(Kn )

= > @-4"+ ) @2n-3+ Y -2+ > (2

vEVan_y4 vEVan—_3 veVan_z v€Van_1

1)+ ) (2n)°

vEVaR
1.5 3
=(2n— 4)“(5(2-32.2 - §dn +d)+(2n=3)"(2n—2) 4+ (2n —2)*(dn — d
—2n4+2)+2(2n— 1)+ (2n)*(d - 3).
O

7. Zeroth-order general Randi¢ index of line graph of carbon tube
network

The name carbon nanotube is derived from its long, cylindrical and hollow
composition. Carbon nanotubes are allotropes of carbon. They have many
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structures; differing in length, thickness, and number of layers. The properties of
nanotubes can be different depending on how the graphene sheet has rolled up to
form the tube causing it to act either metallic or as a semiconductor.

“Consider the m x n quadrilateral section F,; with m = 2 hexagons on the
top and bottom sides and n = 2 hexagons on the lateral sides cut from the regular
hexagonal lattice”. See Baca et al. [2] for more details.

“If we identify two lateral sides of P, such that we identify the vertices ujand
w! _forj=0,1,2,...,n,then we obtain the nanotube NAZ,”.

u’ " n T

_-_(___,____e_“_. m=1 21

lll n
Uy 2 Uy
~
u—l ’ l'"_l
n—1 m n—1
(1) --*---V--:/—_-- “,"
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X X > » >< >< n—2
2 C 5 -~ 7 =

1—2 / — A - _....‘.......,‘..-_.,..~.. =\ u
H,. ’ l.”—-' ~ ’ \ ~ ’ ~ ’ = \sm
1 s Nz m ~
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s

vl N o A o v o o g o g g o i e N
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Fig. 6. Line graph of the quadrilateral section Fi cuts from the regular hexagonal lattice

Theorem 6.1. The zeroth-order general Randi¢ index of line graph of NA], is:
"Ro(L(NAT)) = [3(4%)]mn + 2[2(3%) — 4%]m.

where NAJ, is a molecular graph of carbon nanotube for m, n = 2 and @« is any
real number.

Proof. For the line graph of tube NAJ,: we derive v3 = 4m and va4 = 3mn - 2m.
Hence, by means of the definition of zeroth-order general Randi¢ index, we get
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‘Ro(LINAZ) = > [dv)”

veV(LINAL))

=2 () + ("
veV3 vely

= 3%(4dm) 4+ 4%(3mn — 2m)
= [3(47)]mn + 2[2(3%) — 4“]m.

]
Let n be even, n = 2, and m = 2. “If we identify the top and bottom sides

of the quadrilateral section B in such a way that we identify the vertices »? and
u? fori=0,1,2, ..., m, and the vertices v? and v fori=1, 2, 3, ..., m, then we
obtain the carbon nanotube NC,.”.
Theorem 6.2. The zeroth-order general Randi¢ index of line graph of NC, is:

OR, (L(NC™)) = { 3(4%)ymn 4+ 2%+ 2(3%) - ?(fj}n; forn > 2andniseven

* " 3(4%)mn + 2% 4+ 2(3%) — 2 (4%)|n + [5(4%) — 2°]; forn >2andnisodd

where NC,; is a molecular graph of carbon nanotube forn = 2 evenand m = 2
and a is any real number.
Proof. For n = 2 and n is even: By means of structure analysis of the line graph of
tube NC,., we derive v2 = n, v3 = 2n and v4 = 3mn - %n. Hence, by using the
definition of zeroth-order general Randi¢ index, we get

RLLINCR) = Y [d)°
vEV (L(NCE,))

=D @7+ @)+ (e
vels vEVs vel)
=2%n) 4+ 3%(2n) 4+ 4“(3mn — %n)
5
= 34" )mn + 2% 4+ 2(3%) — 5(4“)]71.

Forn = 2 and n is odd: By means of structure analysis of line graph of tube NC,;,
we derive v2=n -1, v3=2nand v4 =3mn - %n + i Hence, by using the definition
of zeroth-order general Randi¢ index, we get
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RLINCE) = Y [d(v)]®

veEV(LINCR))
=S @+ @)+ S @)
vely vely vEVY
501
= 2%(n — 1) + 3%(2n) 4 4% (3mn — %n_ +5)

= 3(4%)mn + 2% + 2(3%) — = (4%)]n + [%(4“) —27).

bo |

8. Zeroth-order general Randi¢ index of line graph of dendrimer stars
Ds[n]

Dendrimers are nano-sized, radially symmetric molecules with well-
defined chemical structure consisting of tree-like arms or branches. The structure
of dendrimer molecules begins with a central atom or group of atoms labeled as
the core. From this central structure, the branches of other atoms called dendrons
grow through a variety of chemical reactions. In this section, we analyze an
essential chemical structure Ds[n] which denoted the n-th growth of star
dendrimer for ¥n € N U {0}. For more details on the structure of this chemical
molecular graph which is quite common in drug structures see Farahani [6].

Theorem 7. The zeroth-order general Randi¢ index of line graph of D3[n] is:
C'R.Q.(JL(DL;[-1-1])) = [15(2%) 4+ 24(3%) 4+ 9(47)]2" — 6[2° + 2(3%) + 47].
where Ds[n] is a molecular graph of the dendrimer stars having nth growth and
e is any real number.

Proof. By observing the structure of line graph of dendrimer stars Ds[n], we
deduce its vertex partition with respect to the degrees as: vo = 15(2") - 6, v3 =

12(2™1- 1) and v4 = 9(2" - 1) + 3. Therefore, according to the definition of zeroth-
order general Randi¢ index, we check
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Ro(L(Ds]) = Y [d@)"

veV(L{Ds[n]))
=3 @+ Y B+ ("

vEVs vEVs vels
— 2°[15(2") — 6] 4+ 3°[12(2"" — 1)] + 4°[9(2") — 6]
— [15(27) + 24(3%) + 9(4%)]2" — 6[2% +2(3%) 4 4°].

Fig. 7. 2-Dimensional line graph of the nth growth of star dendrimer L(Ds[2])

9. Zeroth-order general Randi¢ index of line graph of circumcoronene
series of benzenoid Hk

A benzenoid system is a connected collection of congruent regular
hexagons arranged in a plane in such a way that two hexagons are either
completely disjoint or have one common edge. The Circumcoronene Homologous
Series of Benzenoid is a connected family of molecular graphs and has
remarkable structure. This family generates from several copies of benzene Ce.
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We denote the k-th terms of this series by Hk for k = 1. The first terms of this
series are Hi = benzene, H, = coronene, Hs = circumcoronene, Hs =
circumcircumcoronene. See Farahani [7] for more structural details.

Fig. 8. Line graph of the circumcoronene series of benzenoid L(Hy) fork = 1

Theorem 8. The zeroth-order general Randi¢ index of line graph of H is:
"Ra(L(Hg)) = [9(4")]K* + [12(3%) — 15(47)]k + [6(27) — 12(37) + 6(47)].
where Hy is a molecular graph of the circumcoronene series of benzenoid for k =1
and « is any real number.

Proof. Consider the line graph of circumcoronene series of benzenoid Hk for k =

1. We deduce vz = 6, v3 = 12k - 12 and v4 = 9k? - 15k + 6. Thus, using the
definition of zeroth-order general Randi¢ index, we infer
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‘Ro(L(Hi))= > ldv)”

veV (L(Hy))
=D @7+ )+ Y ()e
vela veVy vel)

= 29(6) + 3%(12k — 12) 4 4°(9%* — 15k + 6)
= [9(4")IK? + [12(3%) — 15(4) ]k + [6(27) — 12(3") +6(47)].

10. Zeroth-order general Randi¢ index of line graph of capra-designed
planar benzenoid series

Capra-designed planar benzenoid has symmetric structure. Capra Ca map
operation enables one to build a new structure of a planar graph G. It is a method
of drawing and modifying the covering of a polyhedral structure. Capra-operation
of arbitrary graph G is Ca(G), iteration of Capra will be denoted by CaCa(G) (or
we denote Caz(G)). By iterating the Capra-operation on the hexagon (i.e. benzene
graph Ce) and its Ca-transforms, a benzenoid series can be designed. The first
members of this series are denoted as Ca(Cs), Cax(Cs) and Casz(Cs). For more
details regarding to the definition of Capra-transform, and the structure of Capra-
designed planar benzenoid series, see Farahani and Vlad [8] and [9].
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Fig. 9. Line graph of the capra-designed planar benzenoid series L(Caz(Ce))

Theorem 9. The zeroth-order general Randi¢ index of line graph of Cax(Ce) is:
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"Ra(L(Car(Cs))) = [3(47)]7F + [4(3%) — 47)3F + 6(2% — 4%)k? 4+ 12(4" — 2%)k + 12(2* — 4%).

where Cax(Cs) is a molecular graph of the capra-designed planar benzenoid series
and a is any real number.

Proof. By analyzing the molecular structure of line graph of Cax(Cs), we check
that the vertex set of line graph of Cax(Cs) can be divided into three partitions: v»
= 6k? - 12k + 12, v3 = 12(3%" 1) and v4 = 3(7¥) - 1(3) - 6k? + 12k - 12. Thus, using
the definition of zeroth-order general Randi¢ index, we infer

"R (L(Cax(Cy))) = y [d(v)]
veEV (L(Ca(Cs)))
=D @+ Y @+ D @
vela veVs veVy
= 2(6k% — 12k + 12) + 3°[12(3*")] +4[3(7*) — 1(3%) — 6k + 12k — 12
= [3(4)]7F 4 [4(3%) — 42])3% 4+ 6(2% — 4%) k2 +12(4% — 2%)k + 12(2% — 4%).

-

11. Conclusions

Recent endeavors in field of molecular topology shed light on
unprecedented use of topological indices in rectifying the viral diseases that is
valuable for pharmaceutical and medical scientists to comprehend the biological
and chemical characteristics of new drugs. We have derived general formulas for
calculating the zeroth-order general Randi¢ index of line graphs of various well-
known chemical structures, see Theorems 1-9. These theorems may be useful for
predicting and theoretically identify certain physiochemical properties of drug
molecular structures including boiling point, degree of branching, etc. of the
considered chemical structures [15, 16].
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